LITTLEWOOD-PALEY THEORY AND THE T(l) THEOREM 
WITH NON DOUBLING MEASURES 



XAVIER TOLSA 

Abstract. Let /i be a Radon measure on R d which may be non dou- 
bling. The only condition that fi must satisfy is fi{B(x,r)) < Cr n , 



for all x £ 



> and for some fixed < n < d. In this paper, 



Littlewood-Paley theory for functions in L p (p) is developed. One of the 
main difficulties to be solved is the construction of "reasonable" approx- 
imations of the identity in order to obtain a Calderon type reproducing 
formula. Moreover, it is shown that the T(l) theorem for n-dimensional 
Calderon- Zygmund operators, without doubling assumptions, can be 
proved using the Littlewood-Paley type decomposition that is obtained 
for functions in L 2 (fi), as in the classical case of homogeneous spaces. 



1. Introduction 

A basic hypothesis in the classical Calderon-Zygmund theory of harmonic 
analysis is the doubling property of the underlying measure [i on IR rf (or on 
more general spaces, such as the so called homogeneous spaces). A measure \i 
is said to be doubling if there exists some constant C such that fi(B(x, 2r)) < 
C fj,(B(x,r)) for all x € supp(^), r > 0. Recently it has been shown many 
results of the theory also hold without assuming the doubling property. 
Some of these results, such as the ones in jNTTVU , [pNTTVSH , HNTV3H , fTbj , 
[ [To2| 1 , deal with Calderon-Zygmund operators. Other questions are related 
to the spaces BMO and H 1 RMMNOfl, flbf], |Lb5| ; or with vector valued 



inequalities and weights [ GM |, OF), etc. 

The aim of this paper is twofold. The first objective consists of developing 
some Littlewood-Paley theory for functions in L p (fi), 1 < p < oo, with 
\i being a Radon measure on which may be non doubling. The only 
condition that ji must satisfy is the growth condition 



(1.1) 



fi(B(x,r)) < C r n for all x £ supp(^), r > 0, 



where n is some fixed number such that < n < d. 
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The second objective of the paper is to apply these Littlewood-Paley 
techniques to obtain a new proof of the T(l) theorem for non doubling 
measures on M. d (see Theorem |1.3| below for the precise statement of the 
result). The classical T(l) theorem (with [i being the Lebesgue measure on 
M. d ) was proved by David and Journe |DJ[| . This result was extended recently 
to the case of non doubling measures on W 1 by Nazarov, Treil and Volberg 
using dyadic martingales associated with random dyadic lattices. Another 
proof in the setting of non doubling measures suitable for the Cauchy integral 



operator was obtained at the same time independently by the author | Tol |. 
The proof of the T(l) theorem that we will give in this paper will follow an 
approach similar to the one of Coifman for proving this result in the case 
of homogeneous spaces (cf. pJSl ), and to the one of David, Journe and 



Semmes [DJS[ for obtaining the T(b) theorem for homogeneous spaces. 

Let us remark that in the particular case of the Cauchy integral operator 
other proofs of the T(l) theorem have been given (see [Ve], [|To3|1 ) but, as 
far as we know, for general Calderon-Zygmund operators the only proof 
available for the moment was the one of Nazarov, Treil and Volberg based 
on random dyadic lattices. 

One of the main difficulties for developing Littlewood-Paley theory with 
respect to some measure [i which does not satisfy any regularity property, 
apart from the growth condition ( |1.1| ), is the construction of "reasonable" 
approximations of the identity. Our geometric construction will be based on 
some ideas originated from [To5], where an atomic Hardy space useful for 
studying the L p {^) boundedness of Calderon-Zygmund operators (with \i 
non doubling) was characterized in terms of some grand maximal operator. 
A necessary step for the proof was the construction of a suitable lattice of 
cubes and of smooth functions (p y> k(x) associated to the corresponding cubes. 
In the present paper we will use a slight variant of this lattice. Moreover, 
the functions (p y ^(x) will play an essential role in our construction of the 
approximation of the identity. 

Once we have at our disposal this approximation of the identity, we will 
apply some ideas of Coifman for obtaining a Calderon type reproducing 
formula. Originally, these techniques were introduced in the setting of ho- 
mogeneous spaces, and in this context they showed to be useful, for instance, 



for the proof of the T(b) theorem [ DJS and in the study of Trieble-Lizorkin 
and Besov spaces [|HJTW|| , fHSj . 

Let us denote by {Sk}k&z the sequence of operators which constitute our 
approximation of the identity (see Section || for the precise definition of 
these operators), so that for / 6 L p (/j,), 1 < p < oo, S^f — > / in LP{n) as 
k —* +00. In this paper we will prove estimates of the type 



(1.2) 



Lf( M ) 



D k f\' 



1/2 



LP (ji) 



where Dj, = Sk — Sj^-i, 1 < p < 00, and the notation A f 
there is some constant C > such that C _1 A < B < C A. 



' B means that 
Notice that for 
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p = 2 the equation above can be rewritten as 

(i-3) ii/iii» M «£iiA/iii» w - 

This estimate will be a fundamental ingredient in our proof of the T(l) 
theorem. It implies that, in some sense, the L 2 (p) decomposition / = 
Y^k&z-Dkf is quasiortogonal. 

In order to state the T(l) theorem, we need to introduce some notation 
and definitions. Throughout all the paper we will assume that p is a Radon 
measure on R d satisfying (|l.l|). 

Definition 1.1. A kernel k(-,-) : R d x R d -y R is called a (n-dimensional) 
C alder on- Zygmund (CZ) kernel if 
C 

(1) \k(x,y)\ < — r- ifx^y, 

\x — y\ n 

(2) there exists < 5 < 1 such that 

\ x — x '\& 

\k(x, y) - k(x',y)\ + \k(y, x) - k(y, x')\ < C 2 



x - y\ n+s 



if \x — x'\ < \x — y\/2. 

We say that T is a C alder on- Zygmund operator (CZO) associated to the 
kernel k{x,y) if for any compactly supported function / € L 2 (fi) 

(1.4) Tf(x) = Jk(x,y)f(y)dfi(y) if x £ supp(^). 



The integral in ( |1.4j ) may be non convergent for x € supp(/x), even for 
"very nice" functions, such as C°° functions with compact support. For this 
reason it is convenient to introduce the truncated operators T e , e > 0: 



T e f(x)= k(x,y) f(y)dfj,(y). 

J\x-y\>e 

It is easy to see that now this integral is absolutely convergent for any 
/ G L 2 (fi) and x G R d . 

We say that T is bounded on L 2 (fi) if the operators T £ are bounded on 
L 2 (/i) uniformly on e > 0. 

Given a fixed constant p > 1, we say that / £ Lj oc (fj,) belongs to the space 
BMOp(fi) if for some constant C3 



q KpQ) Jq 



with the supremum taken over all the cubes Q. By a cube Q we mean a 
closed cube with sides parallel to the axes and centered at some point of 
supp(/i). Also, pQ is cube concentric with Q whose side length is p times 
the side length of Q, and rriQ(f) stands for the mean of / over Q with respect 
to p, that is, m Q (f) = f Q fdp/p(Q). 
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Definition 1.2. We say that T is weakly bounded (or p-weakly bounded) 
if 

(1-5) \(T eX q, Xq)\ <Cp( P Q) 

for any cube Q, uniformly on e > 0. 



For this definition we have followed [NTV3|. Let us notice that it differs 
slightly from the usual definition of weak boundedness in the doubling sit- 
uation. However, the definition above seems more natural in our context. 
For a discussion regarding this question, see Section 1 of [ NT V3 1 . 

Now we are ready to state the T(l) theorem: 

Theorem 1.3. If T is a CZO which is weakly bounded and T E (1), T*(l) £ 
BMOp(fi) uniformly on e > for some p > 1, then T is bounded on L 2 (p). 

Some remarks are in order. In the theorem, T* stands for the adjoint of 
T £ with respect to the duality {f,g) = J f g dp. On the other hand, T £ and 
T* can be extended to L°°(p) functions in the usual way. The arguments 
are only a slight variant from the ones of the classical doubling case. See 
[ pt| , p. 300], for example. 

Let us remark that in the case of p being the Lebesgue measure on M. d , 
and also in homogeneous spaces, it has been more usual to state the T(l) 
theorem not in terms of the truncated operators T e , but in terms of some 
abstract extension of T to the whole space L 2 (p), which it is assumed to be 
bounded from S to S' a priori. Our approach to the T(l) theorem in terms 
of T e 's avoids the technical difficulties originated from the convergence of 
the integral in (|l.4|) for x € supp(/i). 

The proof of Theorem |l.3| will follow quite closely the scheme of the 



proof of the T(b) theorem on homogeneous spaces in [ DJS |. In general, the 
estimates will be more difficult than in the homogeneous case, because of 
the poor regularity of the measure p. We will apply the methods developed 



in |To3 l and [To5|. In particular, the space BBMO(p) introduced in |ToH 



will play a fundamental role in the proof. 

The plan of the paper is the following. In Section ^ we sketch the ar- 
guments for obtaining Littlewood-Paley type estimates with respect to p. 
Sections ||, ^| and |5| deal with the geometric construction that is needed to 
implement this Littlewood-Paley theory. In Section || we apply this con- 



struction to obtain estimates such as (1.2) and (|1.3j). The rest of the paper 



is devoted to the proof of the T(l) theorem. First, a technical lemma cor- 
responding to the case T(l) = T*(l) = is proved in Section 0, and finally 
the theorem in its complete form is obtained in Section |8|, by means of the 
construction of a suitable paraproduct. 

Throughout all the paper the letter C will be used for constants that may 
change from one occurrence to another. Constants with subscripts, such as 
C\, do not change in different occurrences. 
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2. A Calderon type reproducing formula 

In this section we will describe the construction based on Coifman's ideas 
that will allow the introduction of Littlewood-Paley techniques in L 2 (/j,) for 
a measure /i satisfying (|1.1| ) and non doubling in general. 

We will consider a sequence of integral operators {Sk}k& given by kernels 
s k{ x : y) defined on M. d x M. d . This sequence of operators will give some kind 
of approximation of the identity, with S k — > / as k — > +co and Sk — > as 
k — > — oo strongly in L 2 (fi) (we say that S k — > S strongly in L 2 (/j.) if for 
any / £ L 2 (/i), S k f — > 5/ in L 2 (fi)). For each x, the support of Sfc(x, •) will 
be "near" some cube of scale centered at x, and similarly for each y the 
support of Sfe(-,y) will be "near" some cube of scale centered at y (thus 
S^/ approximates / at some scale k E Z). Moreover, the kernels s k (x,y) 
will satisfy some appropriate size and regularity conditions and 




s k (x,y) dfj,(x) = 1 for each y G supp(//), 
Sk(x,y) dfj,(y) = 1 for each x € supp(^). 



For each k we set D k = S k — S k —Xi and then, at least formally, 

(2.2) I = Y, D * 

k&L 

We will prove that 

(2.3) C- 1 £ < ||/||ia M < C £ \\D k f\\ 2 L2M 

k k 

for any / 6 L 2 (fi). Now we are going to sketch the arguments for proving 
these inequalities, always at a formal level. 

To prove the left inequality in ( |2.3[ ) it is enough to show that the operator 
Z k D* k D k is bounded on L 2 ( M ), since £ fc p fe /||| 2(/l) = (E k D* k D k f, /). 

To get the right inequality in fl2.3| ) we operate as follows. By ( |2.2| ) we 
have 

(2.4) /= (*£D k ) (E^)=EE%i^ 

Vfcez / \jez / keZjez 

= E E^+^ + E E^+i^- 

\k\<N j& \k\>N jel 

We denote = D k+ j Dj and $at = Yl\k\<N ^h- Observe that if we 

set D k = Ej: \j-k\<N D h then we also have ®N = Efeez D k D k- 

Notice that in fl2.4Q we only have stated / = $tv + (I — $jv). We can guess 
that under the appropriate conditions, <l?jv ^ / as iV — > +oo. We will show 
that indeed this convergence occurs in the operator norm of L 2 ([i). Then, 
for N big enough, \\I — <&at||2,2 < 1/2 (where || • 1 1 2,2 stands for the operator 
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norm in L 2 {ji)) and so is an invertible operator on L 2 (/j,). This implies 
|l2 (m) < C Pat/||l2( m ) for any / G L 2 (/i). 



Therefore, to see that the right inequality of ( |2.3| ) holds we only have 
to show that II^n/H/^) < C J2k ll^fc/lli 2 ^)- This follows by a converse 
Holder inequality argument. Given g G L 2 (fi), we have 

l<**/,0>| = \j2( D kD k f,g)\ = \j2( D kf,Dt9) 

k k 

< ^2 W D kfh 2 (n) \\Dk*g\\ L 2(jj) 

k 

(2.5) < (Ell^/ll!» w ) 1/2 (Ell D ^ll!= M ) I/2 - 

k k 

From the definition of and the left inequality of (|2.3| ) we obtain 

(2.6) ^\M*g\\l Hfl) <CiV 2 ^||^||| 2(/j) <CN 2 \\ g \\l 2{M) 
k k 

(in our construction, we will have = D k )- Thus, by (|2.5|) and fl2.6|) the 
right inequality in (^1|) follows. 

One of the difficulties for implementing the arguments above when [i is a 
non doubling measure arises from the non trivial construction of the kernels 
Sk(x,y) satisfying the required properties. 

In case \x is doubling and satisfies fj,(B(x,r)) « r n for all x G suppQu) 
and all r > 0, the argument used by David, Journe and Semmes |DJS| ] for 
homogeneous spaces works: we fix a smooth radial function ip : W 1 - — >R 
such that XB(o,l) < f < Xs(o,2) an d then for each y G supp(/i) and k G Z we 
set 

with r = 2~ k . We consider the kernel Jk(x, y) = f y ^{x) and so we have 
J Sfc(x, y) d/j,(x) 1 for each y G supp(/i), 

y Sk(x,y) dfj,(y) ph 1 for each x G supp(yu). 
In the estimates for proving ( |2.3| ) it is essential that 

d k (x,y)d/j,(x) = / d k (x,y)dfi(y) = 0. 



So we cannot simply take Sk{x,y) := Sk(x,y). 

The solution of [DJS| is the following. Let be the integral operator with 
kernel ifk(x, y), M k the operator of multiplication by l/S&l, and the oper- 
ator of multiplication by Sj£ (l/S^l) . Then we set S k = M k S k W k S^M k . 
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Thus the kernel of S k is 
1 



S k l(x) 



s k (x,z) S k (l/S k l)(z) s k (y,z 



S k l(y) 



d/i(z). 



It is easily seen that Ski = 1 and, since s k (x,y) = s k (y,x), both identities 
in ( [Ell ) are satisfied. 

When [i is a non doubling measure we will follow a similar approach. The 
difficult step consists of obtaining functions (p Vjk (x) such that 



(2.7) 



J Vy^iz) dfj,(x) f» 1 for each y € supp(//), 
J fy,k{ x ) dfi(y) ph 1 for each x E supp(^x). 



Nevertheless, in | To5 | some functions fulfilling (2/7) have been constructed. 
A variant of the arguments of |To5 l will yield the required functions (p Vtk . 
Then we will apply the arguments of DJS |: we will set S k = M k S k W k SlM k , 
with the same notations as above. Let us remark that, unlike in the preced- 
ing case of fj, doubling, now we will have f x ,k(y) ^ (Py,k(%) in general, and 
so S k + S*. 

The rest of the argument for proving ( |2.3[ ) (which will show that all the 
manipulations above dealing with the operators D k are correct) is based on 
estimates analogous to the ones of [DJS], although in general they will be 
more involved. One has to keep in mind that our "dyadic" cubes of the /cth 
scale, k E Z, will not be cubes of side length 2~ k . In the "dyadic" lattice 
that we will construct there will not be a direct relation between the scale 
k of some cube Q and (i(Q) or the side length of Q, l(Q). 



3. The lattice of cubes 

3.1. Preliminaries. We will assume that the constant Cq in Ql.l| ) has been 
chosen big enough so that for all the cubes Q cM. d we have fJ>(Q) < Cq £(Q) n . 

Definition 3.1. Given a > 1 and (3 > a n , we say that the cube Q C M. d is 
(a, /3)-doubling if fi(aQ) < j3 n(Q). 



Remark 3.2. As shown in [To3], due to the fact that \i satisfies the growth 



condition (LI), there are a lot "big" doubling cubes. To be precise, given 
any point x £ supp(^) and c > 0, there exists some (a, /3)-doubling cube Q 
centered at x with l(Q) > c. This follows easily from (|1.1| ) and the fact that 
(3 > a n . 

On the other hand, if (3 > a d , then for /i-a.e. x € M rf there exists a 
sequence of (q, /3)-doubling cubes {Q k } k centered at x with £(Q k ) — > as 
k — ► oo. So there are a lot of "small" doubling cubes too. 

For definiteness, if a and (3 are not specified, by a doubling cube we mean 
a (2,2 d+1 )-doubling cube. 
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Given cubes Q, R C we denote by zq the center of Q, and by Qr the 
smallest cube concentric with Q containing Q and R. 

Definition 3.3. Given two cubes Q, R C M. d , we set 

5(Q,R) = max ( f — rrdfi(x), [ -, — r- dfi(x) ] . 

\JQr\Q \ x ~ z Q\ n JR Q \R\x-z R \ n J 

Notice that t(Q R ) « ^(12q) « £(Q) + t{R) + dist(Q,12), and if Q C 12, 
then Rq = R and £(12) < *(Q fl ) < 21(12). 

We may treat points x G supp(^) as if they were cubes (with £(x) = 0). 
So for x, y G supp(^) and some cube Q, the notations S(x, Q) and y) 
make sense. In some way, they are particular cases of Definition |3.3| . Of 
course, it may happen S(x,Q) = oo or S(x,y) = oo. 

The coefficients S(Q, R) have already appeared in our previous wor ks |To3( | 
and | Tb5 1 . In particular, the definition of the space RBMO(n) in [|To3| 1 is 
given in terms of these coefficients: 

Definition 3.4. We say that some function / £ Lj oc (fi) belongs to the space 
RBMO(p) if there exists some constant C4 such that for any doubling cube 

' f \f-m Q (f)\dfi<a, 



KQ) 

and for any two doubling cubes Q C R, 

\m Q f-m R f\<C A (l + S(Q,R)). 

The minimal constant C4 equals the RBAdO(fi) norm of /, which we will 
denote by ||/||*. 

In the following lemma, proved in |To5], we recall some useful properties 
of £(•,•)• 

Lemma 3.5. The following properties hold: 

(a) If HQ) ~ £(R) and dist(Q,12) < 1{Q), then 5{Q,R) < C. In particu- 
lar, 5(Q, pQ) < C 2 n p n for p>\. 

(b) let Q C R be concentric cubes such that there are no doubling cubes of 
the form 2 k Q, k>0, with Q C 2 k Q C 12. Then, 5(Q, R) < C 5 . 

(c) IfQcR, then 

w, *)< £7 (1 

(d) IfPcQc R, then 

\S(P,R)-[S(P,Q)+S(Q,R))\ <e . 

That is, with a different notation, 5(P, R) = S(P, Q) + 5(Q, R) ± Eq. If 
P and Q are concentric, then eo = 0: 5(P, R) = 6(P, Q) + S(Q,R). 

(e) For P,Q,RC R d , 

5(P,R) < C 6 +S(P,Q) + 5(Q,R). 
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The constants that appear in (b), (c), (d) and (e) depend on Co, n, d. The 
constant C in (a) depends, further, on the constants that are implicit in the 
relations ~, <• 

Let us insist on the fact that a notation such as a = b =L e does not mean 
any precise equality but the estimate \a — b\ < e. 

Notice that if we set D(Q, R) = l + 5(Q, R) for Q ^ R and D(Q, Q) = 0, 
then D(-,-) is a quasidistance on the set of cubes, by (e) in the preceding 
lemma. 

If we denote by Q the smallest doubling cube of the form 2 k Q, k > 0, by 
(b) we know that Q is not far from Q (using the quasidistance D). So Q 
and Q may have very different sizes, but we still have D(Q,Q) < C. 



In Remark |3.2| we have explained that there a lot of big and small doubling 
cubes. In the following lemma we state a more precise result about the 
existence of small doubling cubes in terms of £(•, ■). 

Lemma 3.6. There exists some (big) constant 70 > depending only on 
Co, n and d such that if Ro is some cube centered at some point of supp(fi) 
and a > 70, then for each x G Ro n suppQii) such that 5(x,2Rq) > a there 
exists some doubling cube Q C 2Rq centered at x satisfying 

(3.1) |<5(Q,2i2o)-a| <si, 
where E\ depends only on Co, n and d (but not on a). 

See [[To5|| again for the proof of this lemma. 

As in (d) of Lemma |3.5| , instead of ( |3.1| ), often we will write 5(Q, 2Rq) = 
a ± £\. 

Now we are going to state a similar result concerning the existence of big 
doubling cubes with some precise estimate involving the "distance" £(•, •). 

Lemma 3.7. There exists some (big) constant 70 > depending only on 
Co, n and d such that for any fixed a > 70, if Ro is some cube centered at 
some point of supp(fi) with 5(Ro,M d ) > a, then there exists some doubling 
cube S D Rq concentric with Ro, with £(S) > 2£(Rq), satisfying 

(3.2) |*(JZo,5)-a|<ei, 
where E\ depends only on Co, n and d (but not on a). 

The proof follows by arguments analogous to the ones for proving Lemma 



3.6 



For convenience, we will assume that the constant e\ of Lemmas 3.6 and 



3.7 has been chosen so that E\ > So- 



3.2. Cubes of different generations. 

Definition 3.8. We say that x S supp(/x) is a stopping point (or stopping 
cube) if 5(x, Q) < 00 for some cube Q 3 x with < £(Q) < 00. We say that 
M. d is a initial cube if 5(Q, M. d ) < 00 for some cube Q 3 x with < t(Q) < 00. 
The cubes Q with < £(Q) < 00 are called transit cubes. 
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It is easily seen that if 6(x, Q) < oo for some transit cube Q containing 
x, then 5(x,Q') < oo for any other transit cube Q' containing x. Also, if 
6(Q,M. d ) < oo for some transit cube Q, then 5(Q',M. d ) < oo for any transit 
cube Q' . 

Notice that the points (which are also cubes following our convention) 
which are not stopping cubes have not received any special name. The same 
happens for M. d if it is not an initial cube. This is because this cubes will 
not play any specific role in our geometric construction. 

We will take some big positive integer A whose precise value will be fixed 
after knowing or choosing several additional constants. In particular, we 
assume that A is much bigger than the constants Eq, e\ and 70 of Section 



3.1 



Now we are ready to introduce the definition of generations of cubes (in 
a first case). 

Definition 3.9. Assume that M d is not an initial cube. We fix some dou- 
bling cube R C R d . This will be our "reference" cube. For each integer 
j > 1 we let R-j be some doubling cube concentric with Rq, containing Rq, 



and such that 5(Rq, R-j) = J A ± e\ (which exists because of Lemma 3.7). 
If Q is a transit cube, we say that Q is a cube of generation k S Z if it is a 
doubling cube and for some cube R-j containing Q we have 

(3.3) 6(Q,R- j ) = {j + k)A±E l . 

If Q = x is a stopping cube, we say that Q is a cube of generation k if for 
some cube R-j containing x we have 

(3.4) 5(x,R-j) < (j + k)A±£ 1 . 

Notice that the cubes R-j, J > 1, are cubes of generation — j and that if 
Q is a transit cube of generation k contained in some R-j, then 5{Q, R-j) = 
(j + k)A ± 3ei (with "<" if Q is a stopping cube), by (d) of Lemma |3.5| . So, 
in some way, modulo some small errors, the chosen reference R-j does not 
matter. 

Observe that if is not an initial cube, then for any x € supp(/i) there 
are cubes of all generations k G 7L centered at x. Indeed, for A big enough 
we have £(R-j) — > +00 as j — > +00. So for any x S supp(//) we choose R-j 
such that x £ ^R-j, and then we only have to apply Lemma |3.6| . 

For any x € supp^), we denote by Q x ,k some fixed doubling cube centered 
x of the kth generation. If x is not a stopping point and M. d is not an initial 



cube, then all the cubes will be transit cubes and the identity (3^) holds 
for them. If x is a stopping point, then there exists some k x € Z such that 
all the cubes of generations k < k x centered at x are transit cubes, and all 
the cubes centered at x of generation k > k x coincide with the point x (we 
can think they have "collapsed" in the point x). 

In case M. d is an initial cube we have to modify a little the definition above 
because not all the cubes R-a in that definition exist. 
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Definition 3.10. Assume that M d is an initial cube. Then we choose M. d as 
our "reference" : If Q is a transit cube, we say that Q is a cube of generation 
k > 1 if 

(3.5) 6{Q,R d ) = kA±e x . 

If Q = x is a stopping cube, we say that Q is a cube of generation k > 1 if 

(3.6) (5(x,R d ) < A;A±ei. 

Moreover, for all < 1 we say that M d is a cube of generation fc. 

As in the case where M rf is not an initial cube, for any x we also have 
cubes of all generations centered at x (we have to think that M. d is centered 
at all the points x G supp(//)). 

Observe that the last definition coincides with Definition 3.9 with the 
convention (that we will follow) = R rf for j > 0. 

Definition 3.11. For any x € supp(/i), we denote by Q x ,k some fixed cube 
centered x of the fcth generation. 

If Qx,k 7^ i x ) and Qx,k C R-j, then we have 5(Q x , k ,R-j) ~ (j + fe)A 
because ^4 is much bigger than e\. However, the estimate ( |3.3j ) is much 
sharper. This will very useful in our construction. 

The constants Eq and £\ should be understood as upper bounds for some 
"errors" and deviations of our construction from the classical dyadic lattice. 

It is easily seen that if A is big enough, then £(Q Xt k+i) < KQx,k)/^. So 
£(Qx,k) ~~ > as k — > +oo. In fact, the following more precise result holds. 

Lemma 3.12. // we take A is big enough, then there exists some r\ > 
such that ifx,y S supp(//) are such that 2Q x ^^2Q y ^ +m ^ (with m > 1), 
thene(Q y)k+m )<2-^ m £(Q Xik ). 

See [flb5| for the proof. 



4. The construction of the functions ip y%k 

In this section we will explain how to construct the functions (p y j. which 
will originate the kernels s k (x,y). This construction will follow the same 
lines as the one in |To5[| , although with some simplifications. 

We denote 

a := 100e + lOCtei + l2 n+1 C . 

We introduce two new constants a\ , a<i > whose precise value will be 
fixed below. For the moment, let us say that Eo> £i> Co, <C o <^ ct\ <^ cti <C 
A. 

Definition 4.1. Let y € supp(/x). If Q V) k is a transit cube, we denote by 
Ql,k> Qy,k-> Qy,k> Q 2 y,ki Ql k some doubling cubes centered at y containing 
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Q yi k such that 



(4.1) 



$(Qy,k,Qy,k) 
5{Qy,k,Ql } k) 
8(Qy,k,Ql,k) 
S(Qy,k,Ql, k ) 

${Qy,k,Q y ,k) 



ai rb Ex, 

d\ + (7 ± £i, 

di + a2±£i, 
ai + a2 + cr ± e 1; 
ai + «2 + 2 cr ± £\. 



By Lemma |3.6| and the definitions of Subsection |3.2| , we know that all these 
cubes exist. 

If Q y , k = R d , we set Q\ k = Qj >fc = Q* >k = Q 2 yk = = M <*. If 
= y is a stopping cube and Q y ,k-i = V is also a stopping cube, we set 

y is a stopping cube but 



Qy.fc = Qy,k = Qy.fc = Qy,k = Qy.fc = ^' ^ Q?^' 

= y is not, then we choose < 
are contained in Qy^-i, centered at y and 



Q y ,k~i = U is not, then we choose Q l yk , Q y k , Q yk , Q yk , Q yk so that they 



&(Qy,kiQy,k- 


-l) 


= A 


— OL\ ± Ei, 


&(Qy,kiQy,k- 


-l) 


= A 


— a.\ — a ± £i, 


S(Qy,ki Qy,k- 


-l) 


= A 


— OL\ -tt2±£l, 




-l) 


= A 


-ai -«2 -ff±£i, 


KQy,kiQv,k- 


-l) 


= A 


— «i — «2 — 2 a ± Ei 



(4.2) 



If any of these cubes does not exists because 5(y, Q y ^-i) is not big enough, 
we let this cube be the point {y}. 



If Qy,k is a transit cube, then the identities ( f4.2j ) are also satisfied by 

y,ki ^y,ki 



Ql.ki Ql.ki Q 2 y ,k' Q 2 y ,k' Qy,k' ^ (°0 in Lemma pT5|. So in this case it would 



be possible to define Q\,hi Qy,k> Qy,k> Q y ,k the identities (|Q|) too. 



However, we think that the definition is more clear if we take Q y ^ as the 
reference, as in (|4.1|). 



Lemma 4.2. Lei y € supp(/i). 7/ we choose the constants a.\, a<i and A big 
enough, we have 

(4.3) Q y>k c Q y k c Q y k c c c Q y k c Q y ,k-i- 



The proof of this lemma follows from an easy calculation. See | To5fl for 
the details. 

For a fixed A;, cubes of the kth generation may have very different sizes for 
different y's. The same happens for the cubes Q yk and Q y k . Nevertheless, 
in [To5] it has been shown that we still have some kind of regularity: 



Lemma 4.3. Given x,y € supp(/i) ; let Q x , Q y be cubes centered at x and 
y respectively, and assume that Q x DQ y ^ and that there exists some cube 
Ro containing Q x L)Q y , with \5(Q x ,Rq) — 6(Q y ,Ro)\ < IOei. If R y is some 
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cube centered at y containing Q y with 5(Q y ,R y ) > a — IQei, then Q x C R y . 
As a consequence, we have: 

( a ) VQl,k n Ql,k + > then Ql,k c Ql,k> in Particular x G Qj >fc . 

(b) //Q£ jfc n Q^ fe / 0,then Q\ k C Q^ fe; m particular x G Qj )fc . 

(c) IfQ x ,k n / 0, ^en Q X)fc C Q y ,k-i- 

So, although we cannot expect to have the equivalence 

y e Qi,* ^ a; g gj >fc , 

we still have something quite close to it, because the cubes Q\ k and Q\ k are 
close one each other in the quasimetric D(-,-), since 5{Q\ k , Q\ k ) is small 
(at least in front of A). Of course, the same idea applies if we change 1 by 
2 in the superscripts of the cubes. 

Now we are going to define the functions ip y ,k- First we introduce the 
auxiliary functions ipy t k- 

Definition 4.4. For any y £ supp(^), the function tp y ^ is a function such 
that 

I A 1 \ 

1. < ipy t k(x) < min 



3. supp(Vv,fc) C Qj jfc , 

4. |^(,)| < C 7 min (^T^TT, j^pi) ■ 

It is not difficult to check that such a function exists if we choose C-j big 
enough. We have to take into account that 2Q y k C Q yk - This is due to the 
fact that 5(Ql k , 2Qj >Jfc ) < 4™Q, < 5(Qj >fc , q3 fc) ' if £( q2 fc) q 

In the definition of ip y ,k, if Q\ k = {v}i tnen one m ust take l/£(Q y k ) = oo. 
If Qy k = {y}, then we set ip V: k = 0. If Q V: k = ^- d , we set ip V: k = 0. These 
choices satisfy the conditions in the definition of ipy^ stated above. 

Definition 4.5. For all y G supp(/x), we set ip yt k(x) = a^ 1 ip Vi k(x). 

Choosing «2 big enough, the largest part of the norm of tp y ^ and 

ip V: k will come from the integral over Q y k \Q y k . We state this in a precise 
way in the following lemma. 

Lemma 4.6. There exists some constant £2 depending on n, d, C$, £q, E\ 
and a (but not on a\, «2 nor A) such that if Q yk 7^ {y}, M. d , then 

( 4 - 4 ) HlYvfclU 1 ^) ~ a2 \ - £2 
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and 



(4.5) 



y,k ^y,k 



<e 2 - 



The proof of this result is an easy calculation that we will skip. A direct 
consequence of it is 



If 1 
lim — / — dfi(x) 

012 J &y,k\&y,k 



for y £ supp(^,) such that Q yk ^ {y},R d . 

In order to study some of the properties of the functions <p Vy k, we need to 
introduce some additional notation. 

Definition 4.7. Let x G supp(^) and assume that Q x ^ / R d - We denote 
by Q 3 x ,k a doubling cube centered at x such that 5(Q 3 xk , Q x ,k-i) = A — 
ol\ — a,2 — 3(7 ± e\. Also, we denote by Q\ k and Q\ k some doubling cubes 
centered at x such that 

s (Ql,k, Qx,k-i) =A-ai + a±e 1 , 

$(Ql,k' Qx,k-i) = A-a 1 + 2a±e 1 
(the idea is that the symbols ~ and " are inverse operations, modulo some 
small errors). If any of the cubes Q\ k ,Q x k ,Q 3 x ,k does not exist because 
5(x, Q x ,k-i) i s n °t big enough, then we let it be the point x. If Q Xjk = R d , 
then we set Q\ k = Q\ k = fr xk = R d . 

So when Q x ^ is a transit cube, we have 

KQ\,kiQx,k) = a 1 + a 2 + 3a±e 1 , 
S (Ql,kiQ*,k) = "1 -cr±£i, 
$(0l,k,Qx,k) = OL\ -2<7±£i. 

and one should think that Q 3 X k is a cube a little bigger than Q x k , while 

Q x k is a little smaller than Q xk - Also, Q x k is a little smaller than Q xk , 
but still much bigger than Q Xjk . 

Lemma 4.8. Let x,y £ supp(//). For ai and «2 6i<? enough, we have: 
(a) 7/x G Q XOj fc andy Q^ 0jfc , then<p yi k(x) = 0. In particular, <p y ,k{x) = 



, . then ld„, u(x) < C 



(b) If ye Q l xk , then ^ k {x) < C 
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Q: 



(c) For all y G R d , 

Vy,k{ x ) ^ 

and i/y G \ Q^ fc , i/ten 

Vy,k{x) = 

(d) If x £ Q X(hk , then 



Wnk{ x )\ < C a? 1 min — —. — - — - 

\ry,K\ - \ p(C) 1 )n+l 

xo,k' 



a, 



Notice that, in Definition 4.4 of the functions Vv,fc> the properties that 
define these functions are stated with respect to cubes centered at y (Ql k , 



'y,i 

Q'ykiQyk—)- in this lemma some analogous properties are stated, but these 
properties have to do with cubes centered at x or containing x (Q xo ,ki Q\ k , 

Qx,k' Qx,k---)- 



Proof, (a) Let x G supp(/x) and x G Q Xo ,k- If ¥y,k{x) 7^ 0, then i £ Q^. 
Then Ql ok n Q yk ^ and so y G Q^ fc C Q 3 XQk (as in Lemma 

(b) Let y G Ql <k - We know that 

y y , fc (g) <Ca^ f(n \ k)n - 



So we are done if we see that £(Q y k ) > £(Q X k) 



As in Lemma 4.3, we have 



Thus i(Ql }k ) < £(Ql )k ). 

(c) The first inequality follows from the definition of ifi yk and (p y< k- The 
second statement is also straightforward. Indeed, if y G Q xk \ Q l xk , 
then by Lemma |43| we get x £ Q 2 yk \Q yk . Notice that, in particular, 

this implies Q 2 k ^ {y},M. d . We only have to look at the definitions of 

ip Vik and cp ytk again. 

(d) Suppose that y G Q Xo k . In this case we must show that 

It is enough to see that i(Q y k ) > ^(Q X(jk )- This follows from the 
inclusion Q yk D Q Xo ^ which holds because y G Q y k n Q l Xo k and then 
we can apply Lemma 4.3. 
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On the other hand, since by definition we have 

Wy, k {x)\<C ^ 

y> |y — x\ n+1 

we are done. 

□ 

Some of the estimates in the preceding lemma will be used to prove next 
result, which was one of our main goals in this section. 

Lemma 4.9. For any £3 > 0, if at\ and a% are big enough, for all zq E 
supp(^) we have 

(4.6) J <Pz ,k( x ) dfx(x) < 1 + e 3 and J (p y , k (z ) dfi(y) < 1 + £3- 

// zq € supp(//) is such that there exists some transit cube Q k of the kth 
generation with Q k 3 zq, then 



(4.7) l-£3< / ^z ,k{x)d^{x) and 1 - e 3 < / (fy jk (z ) dfj,(y) 



Proof. Let us see (L7) first. So we assume that there exist some transit 
cube Qk of the kth generation containing zq. Since zq G Q k C Q\, we have 
Q\ C Q 1 k . In particular, £{Q\ k ) > 0- So the inequality 

l-£3 < / fz ,k{x) dfj,(x) 



is a direct consequence of Lemma [hf: . 

We consider now the second inequality in fl4.7|). By Lemma Lt and the 
second equality of (c) in Lemma [D^ we get 



(p y ,k(zo) dfx(y) > I ^ ipy )k {z )d^{y) 

1 



2 AQ 1 t 



JQ 2 AQ 1 . y - Zo " 

> a^ 1 (a 2 -2£2)- 

So the second inequality in ( |4.7| ) holds if we take «2 big enough. 

Consider now (|4.6|). The first estimate follows easily from the definitions 



4.4 and 4.5 . Let us see the second inequality of (|4.6| ). By (a) in Lemma 4.8 
have 



<P y ,ki z o) d^{y) = <p y ,k(zo)d[i(y). 

z ,fc 



Thus we can write 



(4.8) / <p y k (z ) d(i(y) = / <p y k (z ) dn(y) + / <p y , k (z ) dfi(y). 

Jq 3 , \q! . 
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Let us estimate the first integral on the right hand side of (|4.8|). Using 



the first inequality in (c) of Lemma 4.5 we obtain 

(4.9) < a^ 1 (a 2 + 4a + 2ei). 

Let us consider the last integral in (|4.8|) (only in the case Q 1 k 7^ {zq}, 



By (b) in Lemma L5 we have 



(4.10) / <p y M*o)Mv)< I, f^' d^^CCoa^. 



From (U) and ( plQ|) we get (0). □ 



5. The kernels Sk(x,y) 

In this section we will introduce the operators Sk mentioned in Section ^ 
and we will obtain some estimates for their kernels Sk(x,y). 

We will assume that we have chosen £3 = 1/2 in Lemma \l.9\ Recall that 
then 1/2 < / ip y0:k (x)dfi(x) < 3/2 and 1/2 < / ip yik (x )dn(y) < 3/2 i£Q Xo>k 
and Q y0t k are transit cubes. 

Definition 5.1. Let / € L\ oc {n) and x £ supp(/u). If Q x ,k 7^ then we 
set 

Skf(x) = J <p y ,k(x) f(y)dfi(y) +max^0, \ ~ J <Py,k( x ) ^(v)) f( x )- 

Observe that, formally, Sk is an integral operator with the following pos- 
itive kernel: 



(5.1) 



Sk(x,y) = <p y ,k{x) +max^0, ~ - J f y ,k(x) dfi(y)^j S x (y), 



where 5 X is the Dirac delta at x. If Q x ,k is a transit cube, by Lemma [LS| we 
have 



S k f(x) = J f yt k(x) f(y) d/i(y). 

Notice also that for all x G supp(^) we have 1/4 < Skl(x) < 3/2. 
Now we can define the operators Sk- 

Definition 5.2. Assume that Q xk 7^ K d for some x S supp(/x). Let M k be 
the operator of multiplication by rrik(x) := 1/Skl(x) and Wk the operator 
of multiplication by w k {x) := l/S* k (l/S k l). We set S k := M k S k W k S k M k . 
If Qx,k = ^ d for some x E supp(//), then we set Sk := 0. 
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Observe that if Q xk an d Q y ,k are transit cubes, then 
Skf(x) = J s k (x,y) f(y)dfi(y), 
where s k (-, •) is the kernel 

(5.2) s k (x, y) = J m k (x) s k (x, z) w k (z) s k (y, z) m k (y) dfi(z). 

The following estimates are a direct consequence of the statements in 
Lemma 4.£ and the definitions above. 

Lemma 5.3. For all k E Z, if x E supp(^i) is such that Q x ,k ^ M. d , then 
2/3 < m k {x) < 4 and < w k (x) < 6. 

Proof. As mentioned above, 1/4 < S^l (x) < 3/2 and so 2/3 < m k (x) < 4. 
On the other hand, we also have Stl(x) > 1/4, and then 

S* k (l/S k l)(x)>p* k (l)>± 

and so w k {x) < 6. □ 

In the following lemma we show the localization, size and regularity prop- 
erties that fulfil the kernels s k (x,y). 

Lemma 5.4. For each k E Z the following properties hold: 

(a) If Q x ,k is a transit cube, then supp(s k (x, •)) C Q x ,k-i- 

(b) // Q x ,k and Qy,k ar e transit cubes, then 

C 

{£{Qx,k) + £{Qy,k) + \x- y\) n 

(c) If Q x ,k> Qx',k, Qy,k are transit cubes, and x,x' E Q Xo ,k f or some xq E 
supp(/i), then 

(5.4) \s k (x,y) - s k (x',y)\ < C \* X [ • — — — 1 — . 

£{Qx ,k) {i{Qx,k) + £{Qy,k) + F - y|) n 

Proof, (a) From ( |5.2[ ) we see that if s k (x,y) ^ 0, then there exists some 
£ E supp/i such that (f Z:k ( x ) and <p z ,k{v) 7^ 0. Thus z E Q x k^Qy k' anc ^ 



from Lemma 4J] we get y E Q 3 Xi fc C Q x ,k-i- 
(b) By (|5.2j ) and Lemma |5.3j we have 

Sk(x,y) <C s k (x,z)s k (y,z)dfj,(z). 



Since s k (x,z) = (p Zjk (x) < C/l(Q x ,k) n , we get 

Sk(x,y) < ^ / (f z ,k(y)dfj.(y) < 



i(Qx,k) n J TZ ' KKa ' ™' ~ i(Qx,k) n ' 

Similarly it can shown that s k (x,y) < C/£(Q ytk ) n . So it only remains to see 
that s k (x,y) < C/\x - y\ n . 
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Recall that s k (x, z) < C/\x — z\ n andSfc(y,z) < C/\y — z\ n . Then we have 



Sk(x,y) < C I 



s k (x,z) s k (y,z)dfi(z) 



< 



< 



x-z\>\x-y\/2 

+ C I s k (x,z)s k (y,z)dfi(z) 

J\x—z\<\x—y\/2 

C f C f _ 

Sk(y,z)dfi(z) + | r- / s k (x,z)dfi(z) 



\x - y\ r 
C 

\x-y\ r 



\x - y\ T 



(c) Using Lemma 5.3 we get 



\sk(x,y) - s k (x' ,y)\ < C\m k (x) - m k (x')\ J s k (x,z) s k (y, z) dfi(z) 

+ C J \s k (x,z) -s k (x',z)\s k (y,z)dfi(z) 
= A + B. 

Let us estimate the term A. Operating as in (b), we obtain 

C 



s k (x,z) s k (y,z)dfi(z) < 



(i{Qx,k) + i(Qy,k) + \x-y\) r 



On the other hand, since x,x' € Q Xo ,k, S k l ~ 1, and 



(5.5) 



c 



for all w E Q Xo , k , we get 



\m k {x) - m k (x')\ < 



< 



C ((f z ,k( x ) ~ Vz&id)) dfjb(z) 
C \x — x' 1 



X — X 



(£(Q X0 ,k) + \x-z\y^ Mz) - ° e(Q X0>k y 



So A verifies inequality (|5.4|). 

Let us consider the term B now. By (|5.5|) we obtain 



B < 



J mi Q , k 



C\x-x'\ 



WQLk) + \*-* 



+ 



\z-y\>\x-y\/2 J\z-y\<\x-y\/2 



-—s k (y,z)d(j / (z) 
= Bi + B 2 
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Since tp Zjk (y) < C/(l(Ql k ) + \y - z\) n , we have 



C|a?-a/| /" 1 

1 " W3£, fc ) + \x-v\)»J MQxo*) + \x- A) n+1 Kz) 
< c ]x ~ x ' ] 1 



It is easy to check that £(Q x ,k) — ^{£{Q yk ) + \x — y\). Indeed if \x — y\ < 
KQx,k)/2, then y G Q X)fc and so C and so £(Q X)k ) < £{Q l y ^)- Thus 
the term B\ also satisfies (5.4). 

Let us turn our attention to B<i- In this case we have 



^2 < C— ^ — — — — s k {y,z)d^(z) 



c ]x ~ x 



u, k ) mi , k ) + \x- y \y 

Thus we only have to check that £(Q x ,k) + £(Qy,k) < C (^(Q^ j.) + \x — y\). 
Because x G Q XOjk , we have Q x>k C Q^, 0jfc and so £(Q x , k ) < £(Ql 0:k )- Let us 
see that *(Q„ >fc ) < C (*«£ 0ifc ) + \x - y\). If \x - y\ > £(Q y , k )/2, 'then 

7^£(Q y , k ) <\x- x \ + \x - y\ < C£(Q X0>k ) + \x - y\. 

If \x - y\ < £(Q y>k )/2, then x G Q y>k and so Q y)fc C Q XQ>k , which yields 
£(Q w>fc ) < £(Ql o>k ). □ 

Notice that, in general, the functions !s k (x,y) = ip y>k (x) do not have any 
smoothness with respect to the variable y. However, the kernels s k (x,y) 
defined above have regularity in both variables, because s k (y,x) = s k (x,y). 
On the other hand, this smoothness appears to be somewhat weaker than 
the regularity in x of the functions (p y k (x). 

Remark 5.5. Taking the (formal) definition ( |5.5| ) of the kernels J k (x,y), it 
is easily seen that the properties of the kernels s k (x,y) in (a), (b) and (c) of 
the lemma above also hold without the assumptions without assuming that 
Q X)k , Q x ' k arm Q y , k are transit cubes. Indeed, the statements are trivial is 
any of these cubes coincides with R rf , and if any of them is a stopping cube, 
then it is not difficult to check that all the estimates in the proof above are 
also valid. 



6. Littlewood-Paley type estimates 

We recall some notation introduced in Section ^. For each k G Z, we set 
D k = S k -S k -i, E k = J2jez D k+j D j and » for each N >1,$ N = Yl\ k \<N E k- 

Notice that D k l = for all k G Z except in the case k = 1 for R rf being 
an initial cube. 
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Lemma 6.1. We have: 

(a) \\Dj D k \\ 2 ,2 < C2-1J'-*I" /or a// j, k G Z and some 7? > 0. 

(b) Sfcez -^fc = w ^ s ^ ron 9 convergence in L 2 ([i). 

(c) T/ie series X^/eZ^Wi -R? =: ^ converges strongly in L 2 (fi) and 

\\E k \\ 2>2 <C |fc| 2-1*1" 

/or a// G Z. 

(d) $jy — * as N ^ +oo m i/ie operator norm in L 2 (fi). 

Proof. For simplicity we assume that all the cubes Q^fc, x G supp(/i), A; G Z, 
are transit cubes. In the final part of the proof we will give some hints for 
the general case. Moreover, we only have to prove the assertion (a). The 
others follow from (a) by the Cotlar-Knapp-Stein Lemma, as in [ pJS| ], 
Assume j > k + 2. The kernel of the operator Dj D k is given by 



Kj,k{x,y) = J dj(x,z)d k {z,y)dfi(z). 
Since supp(dj(x, •)) C Q x j-2, we have 



\K jik (x,y)\ < / \dj(x,z)(d k (z,y) - d k (x,y))\d/i(z) 



By (b) of Lemma |5\4| (taking into account that Q x ,j-2 C Q x ,k), 

t{Q»j-2) i 



\d k (z,y) - d k (x,y)\ < C ■ 



KQz,k) (t{Qx,k) + i(Q v ,k) + \x- y\) n 

By Lemma |3.12| we have £(Q x ,j-2) < C 2^^ k \ £(Q X}k ) for some r/ > 0. 
Therefore, 

(6.1) < C2-^- k \ 1 



(£(Qx,k) + £(Q y ,k) + \x-y\) n 

Also, we have supp(K j:k (x, •)) C Q x ,fc-3 and supp(2fj ) j fc (-,y)) C Q y>k s- In- 
deed, if Kj tk (x,y) 7^ then there exists some z G Q x ,j-2 H Q Vj k-2, and so 
2/ € Q x> k-3 and x G Q Vj k-3- Then we obtain 

(6.2) < C2-*-*l (1 + <5(Q I-t , ft,,.,)) < C2"*'-*l. 
In an analogous way, we get 

(6.3) / \K jtk (x,y)\d»(x) <C2^- fc '. 



Therefore, by Schur's Lemma we have HDjDfcllpj, < C2-^'- fc l for all p G 
[1, oo] if j > jfe + 2. 
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On the other hand, for k > j+2, operating in a similar way, we also obtain 
\DjD k \\ PjP < C2~^ j ~ k \ and if \j - k\ < 1, then we have \\DjD k \L„ < 



'3\\P,P 

case. 



ip.p 
\Dt 



\p,p 



\p,p 



< C . Thus the assertion (a) of the lemma holds in any 



If there exist stopping cubes, then by Remark 5.5 the kernels of the op- 



erators Sk satisfy properties which are similar to the ones stated in Lemma 
|5,4| , and some estimates as the ones above work. If M. d is an initial cube, 
then J d\(x,y) d/j,(y) ^ 0, in general. However in the arguments above it is 
used f dj(x, y) dp,(y) = only to estimate \\Dj Dk\\ PtP in the case j > k + 2, 
and notice that D k = for k < 0. □ 

By the estimates of the preceding lemma and by a new application of 
Cotlar-Knapp-Stein Lemma, arguing as in Section ^, we get: 

Theorem 6.2. Iff € L 2 (fi), then 



(*0 



< 



< 



We omit the detailed proof of this result. We only have to apply the same 
arguments as in [DJS| (see also [ HJTWf ). Prom this theorem we derive the 
following corollaries. 



Corollary 6.3. Let 1 < p < oo. If f £ L p (/j), then 

(6.4) cr 1 QTl^/l 2 ) 1/2 < 



< C 



1/2 



LP fa) 



Proof. The right inequality follows from the left one (with p' instead of p) . 
Indeed, by an argument similar to the one used for p = 2 in ( p.5[ ), it follows 
that 

1/2 



\$Nf\\ 



LP (^) 



< c 



LP to 

In Lemma below we will show that is bounded and invertible in 
LP(fi), and so \\f\\ LP{lj) < C \\$ N f\\ LP{fl) . 

The left inequality in (6.4) will be proved using techniques of vector valued 
C alder on- Zygmund operators. These techniques, which are standard in the 
classical doubling case, have been extended by Garcfa-Cuerva and Martell 
pM] to the case of non homogeneous spaces. 

Let us denote by L p (£ 2 ,/i) the Banach space of sequences of functions 

{gk}k&, 9k e l\oM)i sucn tnat 

2 y/2 \ 




dfi 



< oo. 



Let us consider the operator D : L p '(//) — > IP (£ 2 , p) given by Df 
By Theorem 3.2, D is bounded from L 2 ([i) into L 2 (£ 2 ,//). From the results 



{D k f} 



kei- 



in | GM ], it follows that if the kernel d(x,y) := {dk(x,y)}k of D satisfies 
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c 

(1) ||eZ(x,y)||^ < |- _ ^ n for x^y, and 

(2) / (\\d(x,y)-d(x',y)y + \\d(y,x)-d(y,x , )y)d f i(y)<C, 

J\x-y\>2\x-x'\ 

then Z) is bounded from L p (fi) into L p (£ 2 ,fi), 1 < p < oo, because D is a 
vector-valued C alder on- Zygmund operator. Thus we only have to check that 
these conditions are satisfied. 

Let us see that the first one holds. Given x, y £ supp(/i), x ^ y, let j G Z 
be such that j/ G Q x j \ Q x ,j+i- Since supp(4(x, •) C Q x ,k-2, we have 



- |x-y| 2 ™ + f^J(Q x ,k) 2n ~ \x-y\ 2n ' 



Now we will show that condition (2) is also satisfied. Since d(x, y) = 
d(y,x), we only have to deal with the term \\d(x,y) — d(x', y)\\p. Let li£Z 
be such that x' € Q x ,h \ Qx,h+ii and suppose that y G Q^j for some 

j < h — 10. Notice that (4(x, y) — dk(x', y) = if > j + 4. Indeed, we have 



supp(<4(x, •) - d k (x', •)) C Qx,fc-2 U Q x ' t k-2- 



li k > h, then (2^-2 U Q x >,k~2 C Qx,h-3 C Q X j+i, and if j + 4 < k < h, 
then we have Q x>k -2 U Q x ',k-2 C Q x ,fc-3 C Q x ,j+i- 
Assuming A; < j + 4, we get 



|4(x,y) - 4(aj',y)l < C 



|x — x'l 



*(Q*,k) (*(<?*,*) + I*-J/I) n ' 

since x' € Q x ,fc, with h > k. Therefore, 

g,4(.. rf -4v„)P < ^Ey i„,; H i,. ) : 

(6.5) < C 



Z{Qx,j+A) \x - y\ r 
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Then, using condition (1) and ( |6.5| ) we obtain 
/ \\d(x,y) - d(x',y)\\p dfi(y) 

J\x-y\>2\x-x'\ 

c 



h _ 10 \B(x,2\x-x>\) \X ~ y\ n 



Q 

CO 



00 r I /I 

„ / \x — x'\ 

t? Q jQ x , h -,-,\Qr k-4 t(Qx,h-i+4) \x - y\ n 



\x — X 



<C + CS" — l - — ^— < C. 

^ £(Q x ,h-i+i) 



□ 



Corollary 6.4. If f € RBMO(fi) and Qk is a cube of generation k £ Z, 
then 

+00 

(6.6) 52WWhwQ u )<C 11/112 /*«?*)• 

Recall that, by definition, we assume that the cubes Qk are doubling. 

Proof. For N big enough and j > k + N, Djf(x) = Dj(x 3 /2Q k f)(x) if 
x G Qk- Thus 

+00 +00 

Yl W D jfWl 2 (n\Qk) = Yl W D j((f - m Qkf)X3/2 Qk )\\h MQk) 

j=k+N j=k+N 

< C\\f -m Q J\\ 2 L2M3/2Qk) 

< C\\f\\lfx(2Q k )<C\\f\\i»(Q k ). 
Now we only have to check that 

(6-7) \\Dif\\l^ m <C\\f\\lpi(Q k ) 

for j = k, . . . , k + N — 1. We set 

\\ D jf\\^MQ k ) ^ W S i(f ~ m Q k f)\\^MQ k ) + \\Sj-i(f - m Qk f)\\ L 2 (plQk) . 

For each j, we denote by Nj the least integer such that Q x ,j-i C 2 N iQ x j. 
We have 



Sj(x,y) (/(y) ~m Q J)dfi(y) 



n /" l/(y) - m Q,j/l , , » 



< 

m=l 

Af 



^ C Yj7^7T^ \f(v)-™Q*J\Mv)- 
trz^K 1 wxj) J2 m o^, 
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Since 5(Q X: j,2 m Q x j) < C, we get 



/ \f(y)-m Qx J\dfi(y) < r/,(2"" 



and so 

\S j f(x)-m Qx J\ - c£ 



< Cil + SiQ^Qaj-!)) H/ll* <C H/ll*. 

For j = fc, . . . , fc + iV — 1, since 5(Q X j, Qk) < CiV, we have [mQ fe / — 
mg BiJ /|<C 11/11,. Thus 

\Sjf{x)-m Q J\<C\\fU 
and then (|6.7|) holds. □ 
Observe that the same arguments above show that if / € RBA40(/j>), then 

+oo 

(6-8) £ WDjffm^^cWfWlKQk), 

j=k-N 

where iVo > is some fixed integer, and C depends on Nq now. 

7. The T(l) theorem in the case T(l) = T*(l) = 

7.1. The main steps. For simplicity, we will prove the T(l) theorem as- 
suming that i/iere are no stopping cubes and M. d is not an initial cube. How- 
ever, we claim that our arguments can be extended quite easily to the general 
situation. 

The kernels of the truncated operators T £ do not satisfy the gradient 
condition in the definition^of CZO's. For this reason we need to introduce 
the regularized operators T £ . Let ip be a radial C°° function with < 92 < 1, 
vanishing on B(0, 1/2) and identically equal to 1 on M. d \ B(0, 1). For each 
e > 0, we consider the integral operator T £ with kernel ip((x — y)/e) -k(x,y). 
It is easily seen that 

(7.1) \TJ - f E f\ < M M /, 

where is the centered maximal Hardy-Littlewood operator. So T £ is 
bounded on L 2 (n) uniformly on e > if and only if the same holds for T £ . 
The kernel of T £ is L°°-bounded and it is straightforward to check that it 



is a CZ kernel itself, with constants C\ and C2 in Definition LI uniform on 
e > 0. 

The following lemma will be very useful for our arguments. It shows that 
the hypotheses of weak boundedness and T e (l),T*(l) € BMO p ([i) can be 
substituted by conditions about the L p {[i) boundedness over characteristic 
functions of cubes. 
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Lemma 7.1. Let T be a CZO. For any fixed p, 7 > 1 and 1 < p < 00, i/ie 
following conditions are equivalent: 

(a) T is weakly bounded and T e (l) G BMO p (fi) uniformly on e > 0. 

(b) T is weakly bounded and T £ (l) € RBMO(fi) uniformly on e > 0. 

(c) For any cn&e Q C R d , 

(7.2) !|t £ xqIIl P(M ) <c/i( 7 g) 1/p 

uniformly on e > 0. 

The proof of this result follows by arguments similar to the ones in the 
proof of [JTo3| , Theorem 8.4]. 

From (|7.1| ) and ( [7.2j ) we infer that, under the assumptions of Theorem 
|1.3|, T £ is also bounded over characteristic functions of cubes (i.e. satisfies 



(7.2) ) uniformly on e > 0. Of course, the same happens for T*. 

In this section we will prove the following technical version of the T(l) 
theorem. 

Lemma 7.2. Let k(; •) be a CZ kernel with k(; •) G L°°(R d x R d ). Let T 
be the integral operator 

(7.3) Tf(x) = Jk(x,y)f(y)dfi(y), f G L 2 (/x). 

Assume that for p = 2 and, in £/ie case n > 1, a/so for p = n/(n — 1), we 
have 

\\Txq\\i*m ^ C M2Q) 1/P , HT'xqIIlpG,) < C/^Q) 1 ^, 

for any cube Q. Lf moreover T(l) = T*(l) = 0, then T is bounded on L 2 (/j,), 
and 1 1 T 1 1 2,2 is bounded above by souic constant independent of *)||ao' 

Notice that, as we are assuming 

fc(v) e L°°(IR d x R d ), from condition 
(1) in the definition of CZ kernel we derive that k(-,y), k(x,-) G L 2 (fi) 
uniformly on x, y. As a consequence, the integral in ( |7.3[) is convergent. So 
in this case, when we say that T is bounded we are not talking about the 
uniform boundedness of the truncated operators T e , but about the operator 
T itself. Observe also that, in particular this lemma can be applied to T e , 
for each e > 0. 

In the whole section we will assume that T is an operator fulfilling the 



assumptions of Lemma 7.2 



For each i G Z, x G supp(/i), we denote u Xt i(z) = S{(x,z) — Si-i(x,z) = 
di(x,z). 

The first step of the proof of Lemma |7.2| consists of estimating the term 
\(u x j, T uy^) \. As we shall see, this part of the proof will be more involved 
than in [ D JSfl , basically due to the fact that the functions Ux i are much less 



localized in our present situation. 

Lemma 7.3. Under the assumptions of Lemma 1 7. 4 there exists some v > 
depending on 6, n such that for x, y G supp(/i) and j, k G Z, we have 
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(a) // 2Q X j- 3 n 2Q y ^ 3 = 0, then 

\(Tu xJ , U %k )\ < C2-^~ k \ J£ {Qx ._ 2) +e{Qyjk _ 2) + {x _ yl) n + S/2 ■ 

(b) // 2Q xJ _ 3 n 2Q 2/)fc _ 3 + 0, then 

C2 - v \j-k\ 
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(KQxj-2) A £(Qy, k -2)) 5/2 



\(Tu xj ,u yk )\ < 



WQ x , 3 ) + \x-y\r XQ ^- r{y) 
C2 ~v\j-k\ 

(£(Qy,k) + \x-y\r XQ ^ {x) - 



+ 



We defer the proof of these estimates until Subsection \!.2\ Now we will 
see how from this result Lemma 7.2 follows by arguments analogous to the 
ones of [ DJS ]. 

For each j,k G Z we set Tj tk = D k T Dj. The L 2 (n) norm of Tj tk is easily 
estimated by means of Lemma 7.3, as we show in next lemma. 

Lemma 7.4. The operator Tj >k is bounded on L 2 (/j,) with norm ||TVfc||2,2 < 

Proof. The kernel of Tj ^ is given by tj ik (x, y) = {Tu x j, u y ^)- We will apply 
Schur's Lemma, using the estimates of the preceding lemma, interchanging 
T and T* when necessary. 
We have 



\bj,k{x,y)\dn{y) 



+ 



y:2Q y ^ 3 n2Q 



= 



h+h- 



y:2Q y ^ 3 V\2Q 



^0 



By Lemma |Z. 3| we get 

h < C T"\'J- k 



t(Qx,J-2) 5/2 



dfj,(y). 



y.2Q yik _ 3 n2Q xJ - 3 =0 \x-y\ n+5 l 2 
If 2Q^_ 3 n 2Q xJ „ 3 = 0, then \x-y\> £(Q x j_ 2 )/2. Thus 

\x-y\>e(Q x ^- 2 )/2 \x - y\ n + d / 2 
We estimate I2 now. By Lemma 7.3 we obtain 

C2 -u\j-k\ 



h < C2- v ^- k \ [ 

J\x- 



< 



Q 



(t(Q*j) + \x-v\y 



■ dfi{y) 



+ 



C2 -v\i-k\ 



y:xeQ y , k -r WQy,k) + \x - y\) 1 



We have 



h. 



< 



C2 -u\j-k\ 



d/j,(y) + 



dfi(y) = I 2 ,i + h,2- 

C2r u\j-k\ 



x,j—7\Qx,j 1 y\ 



< C2-^- k \(l + 5(Q xJ ,Q x ^ 7 )) < C2^- k 



dfi(y) 
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Finally we turn our attention to 22,2- Observe that if x € Q y ^—7, then 
V G Q x ,k-8, and so 

h,2 < / -777^ — a/i(y) + / -; rz- <t//(y) 

< C2-^- fe l(l + 5(Q :!;ifc ,g^_ 8 ) < C2^- fc L 

Thus J \tj t k(x,y)\dfi(y) < C 2~ u v~~ k \ . By the symmetry of the assump- 
tions, we also have J \tj j k(x,y)\d/j,(x) < C2~ v \i~ k \. By Schur's Lemma we 
get \\T^kh,2 < CT v \i- h \ and we are done. □ 

Let J, K C Z be finite sets. We set T J)K = *£ jeJ Y^keK D f DjTD k D% , 
where N is an integer such that \\I — 3>at||2,2 < 1/2, as explained in Section 
^. Then we have 

Lemma 7.5. T/ie operator Tj t x is bounded on L 2 (fi) with \\Tj ; k\\2,2 < 
C N 2 , where C does not depend on J or K. 

Proof. For f,g£ F 2 (/z), by Lemma ffij, we have 

\(Tj, K f,g)\ < ^2 ^2 I (Dj T D k Dfff, Dfg) \ 

< ^2-^l||Df/|| L2(M) ||Df 5 || L2M . 

bmce the matrix {2 " k \ jtk originates an operator bounded on £ 2 , we 
obtain 



< CiV 2 ILfl| L 2 (M) ||5||l2 (m) . 



□ 



Lemma 7.6. For /, g £ C°°(]R rf ) urei/i compact support, we have 

Jm^TfewKrnDkD?/), T, b \< m D 3 Dfg) = (T(* N f), 3> N g). 

Proof. We know that P m f := T.\j\< m D 3 D f 7 and ^mS := E| fc |< m ^fl 
converge respectively to $at/ and <£jvg in L 2 (/j,). Since we are assuming that 
the kernel k(x, y) of T is bounded, we have \\k(x, -)||lp(/x)j ||&('> u)Wlp(p) — C, 
for all x, y and 1 < p < 00. As a consequence, T(P m f) converges to T(<£jv/) 
uniformly on M. d as m —> 00. Therefore, for any compact set E C M. d , we 
have 



lim f T(P m f)P m gdfX= [ T(<Z> N f)<S> N g 
^°°Je Je 



dfi. 
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It can be checked that there exists some constant Cg independent of m 
such that the kernels p m (x,y) of the operators P m satisfy the inequality 

( 7 - 4 ) \Pm(x,y)\<j^. 

This an easy estimate that is left to reader. 

We take R > so that supp(/), supp(g) C B(0,R), and xo with \xq\ > 
10R. By (^|) we have 

(7.5) \P m f(y)\, \P m g(y)\ < ^ if \y\ > WR, 

\y\ 

where C may depend on / and g and, in particular, we may have y = xq. 
We split \T(P m f)(x )\ as follows 

\T(P m f)(x )\ < \T[(P m f) Xb(o,\xo\/2)](xo)\ + \T[(P m f) XRd\B(0,\xo\/2)K x o)\ 
= A + B. 

Let us estimate A: 

A < [ QMfdMl/) 
Jb(o,\x \/2) Fo-2/r 



< C\\P m f\\ L ^U 



5(0,1x01/2) l^o - y\ 2n 



\ 1/2 



1 _ c 

\xo\ n l 2 \xq\ 

Let us consider the term B. Since k(x,-) is in L 2 (fi) uniformly on x, we 
have B < C \\{P m f) XR*\B(o,|aio|/2) Ik 2 ^)" From dOD we S et 

C 

ll(-fm/)XR*\B(0,[<Do|/2)lll^O*) ^ j- , n/2 - 

|X0| 

Therefore, \T(P m f)(x )\ < C/\x \ n / 2 (for |x | > 1012). 
Now we write 

[T(P m f)P m gdfi= [ T(P m f)P m gd f i+ [ T(P m f) P rn g dfi. 

J JB(0,10R) JR d \B(0,lOR) 

The first integral on the right hand side tends to f B ^ Q 10 m T($jy/) ^Ngd^. 
The second one tends to J^d\B(o WR) T($Nf) &N9 dfA, by an application 
of the dominated convergence theorem, because \T(P m f)(xo) P m g(xo)\ < 
C/\xo\ 3n / 2 if xq € M d \ B(0, WR). □ 



Proof of Lemma |7-4 From the last lemmas we get 

\(T$ N f, $Ng)\<C\\f\\ L 2 M \\g\\ L 2 {ll) . 

That is, $^T$jv is bounded on L 2 (^t), which implies that T is bounded on 
L 2 (/i), since exists and is bounded. □ 
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7.2. The proof of Lemma 7.3. In next lemma we recall (without proof) 
a well known estimate that we will need. 

Lemma 7.7. Let (p, ip be L 1 (fj,) functions supported on cubes Q and R re- 
spectively, with d\st{Q,R) > £(Q)/2. If J (pdfj, = 0, then 

m 5 



(7.6) 



I (TV, i>)\<C 



dist(Q, R) 



To prove Lemma 7.3, we will change the notation. We set Q{ — Q a 



and Ri = Qyi for all i. Also, we write ip 



u 



x.j 



and ip = u y> k- Thus ip is 



supported on Qj-2 and ip on R k -2- We denote the centers of these cubes 
by xo and yo respectively. So in the case 2Q^_3 n 2Rks = (that is (a) in 
Lemma 7.3), we have to prove that 

(7.7) | (TV, V)| < C2-^- k 



(£(Qj-2) A £(R k -2)) 5/2 



(W3-2) + i{Rk-2) + \x Q - yo\) n+& / 2 ' 



and if 2Qj-% fl 2Rk-% 7^ (that is (b) in Lemma we have to show that 

C 2~v\j-k\ 



\{T<P,ip)\ < 



(7.8) 



WQj) + \x - y \) r 
C 2- u ^- k \ 



+ 



(£(R k ) + \x -yo\) 



Proof of (|777l ) for 2Q i _ 3 n 2i4_ 3 = 0. 

Assume j > k, for example. We have Qk-2^Rk-2 = 0-> because otherwise 
Qk-2 C Rk-3, which implies Qj-3 fl 7^ 0. Thus we get \xq — yo\ > 

i(Qk-2)/2. 

Now (f^) is a direct consequence of Lemma f7?J: 

< c ^-2) 5/2 WQi-2)A^ fc _ 2 )) 5 / 2 



k-2) 8 ' 2 (i(Qj-2) + ^-2) + \x - y \) n+5 / 2 

WQi-2) + ^-2) + \x - yo\) n+5 ' 2 ' 
Notice that we have used |xo — yol > ^(Qft-2)/2 in the second inequality. □ 

Proof of (|7ji|) in the case |j - k\ > 3, 2Q j _ 3 n 2i4_ 3 7^ 0. 

We assume j > fc + 3. Then we have 2Qj_3 C Qk-3 C Rk-A- If £0 S -Rfe, 
then ^(Qj_ 2 ) < 2^1 (J- 2 )-^ ^(i? fc ) < £(i? fc ), and so Qj_ 2 C 2i? fc . 

If xo ^ T?fe, then £(Qk+i) < 4|xo — yo| (otherwise Rk C Qfc+i, which is not 
possible). Therefore £{Qj-2) "C ^(Qfc+i) < 4|xo — yo\- So if we let m > 1 be 
the smallest integer such that xo € 2 m Rk, we will have 

Qj-2 C 2 m+1 i? fe \ 2 m - 2 ii fe 
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and 

(7.9) dist(Q i _ 2 , R d \ (2 m+1 R k \ 2 m ~ 2 R k )) « £(2 m R k ). 

Thus, in any case it is enough to prove that 

2~f\j-k\ 



\{T<p, i>)\<C- 



(7-10) ,^ r , r/l ~ ^ 2 m Rk y n - 

(we take m = if xo € i?jt). 

We denote L m = 2 m+1 R k \ 2 m ~ 2 R k . By Lemma ^ (or a slight variant 
of it) and (ff^Sj), we have 



dist(g i _ 2 , R d \ L m )^ 



<c 



i(Q 3 -2) 5 

(2 m R k ) n+5 ' 



Arguing as above, we get 



Therefore, 
(7.11) 
and so 
(7.12) 



< C 2-^~ k \ (£(R k ) + \x - yo|) < C 2^~ k \ £(2 m R k ). 

KQj-2) 



<C- 



£(2 m R k ) n + s - £(2 m R k ) n ' 
2~v\j-k\ 



\{t<p, (i- XLm m<c- 



(2 m R k 



We have to prove that ( 7.1C| ) holds for ipXL m - Since Tl = 0, we have 
(7.13) 

(Tip, 4>XL m ) = (Tip, (ip ~ ip(x )) XL m ) -if)(x ) (Tip,XRd\ L J = A + B. 

Taking into account f i p dfi = and ( |7.9| ) , by standard estimates (similar to 
the ones of Lemma |7.7| ) we get 



\(T<p,Xx*\L m )\ - C l(2mR k y 



Since 
(7.14) 



'XL m \\L°°(p) 



< 



c 



£(2 m R k ) r 



arguing as in ( 7.11 ), we obtain 
(7.15) \B\ < C 



£(2 m R k ) n + 5 ~ ~ £(2 m R k ) n ' 
Now we will estimate the term A in ( [7,13|) . We consider a bump function 
w such that %2Q _ 2 — w — XiQj- 2 -> with \w'\ < C/£(Qj^2)- We write 

(7.16) 

A = (Tip, (V - V(*o)) (XL m - w 2 )) + (Tip, (V - i/>(x Q )) w 2 ) = A l + A 2 . 
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Since J ipdp, = 0, we have 
(7.17) 

|Ai| < 



y£L m \2Qj-2 



C\x-x \ 5 

\y-xo\ n+s 



\cp(x)\ \tp(y) - ip(x )\ dn(x) dfx{y). 



Recall that, by Lemma 5.4, 
(7.18) h%)-#z)|<C 



\y - x\ 



< c 



\y - A 



£(Q k ) i(2™R k y ~ £(Q k ) s £(2™R k y 

if y, x £ Q k . We would like to plug this estimate (with x = xq) into ( [7.17 ). 
However we don't know if (7.18) holds for y E L m \ Q k . Thus we split the 
double integral in ( 7.17 ) into two pieces: 



lAil < 



+ 



A 



1,1 



A 



1.2- 



' y&{L m c\Q k )\Qj-2 JxeQj-2 Jy&L m \Qk JxeQj- 2 
We consider the integral Ax t i first. Using ( 7.1S| ), we obtain: 



C£(Q^ 2 ) 



£(Q k ) s £(2™R k y 
Observe that 

f ~ L ~ 

Jy&Qk\2Qj-2 \y-x \ n 



\<p(x)\ 



xfzQ 



j-2 



1 



dKy) < c 
< c 



i T-dn(y)dfi(x). 

i(Q k ) s/2 



IyeQ k \2Q^ 2 \y-x \ n+s / 2 
£{Q k ) 5/2 



dfi(y) 



t(Qj-2) 5 / 2 ' 



i(Qj-2) 5/2 



2~v\j-k\ 



Al>1 ~ ° £{Q k ) 5 / 2 £{2 m R k ) n ^ L1 ^ - C £(2 m R k y 



Therefore 
(7.19) 

Let us consider A\^ now. Using ( |T. 14f ) we get 

f f C \x — xof 

Ai,2 = / / , _ Jn+ g \<p(x)\ \ip(y) - ip(x )\ d/i(x) dn(y) 



< c 

< c 



yeL m \Q k JxeQj-2 \V ~ x o|' 

KQj-2) S 



£(2™R k y j xeQ ._ 2 



\<p{x)\ 



1 



> m R k ) n 



y£L m \ Qk \y-x \ n + 5 
1 

y€L m \Q k \y - X0 



dn{y) dfj,(x) 



o-Hi-kl 2~ u ^~ k 

( 7 - 2 °) < C at^-n \r> (l + S(Q k ,R k - 2 )) < C - 



£{2 m R k ) n ^ ' "^ K, " K - ~ £{2 m R k ) n ' 

It only remains to estimate the term A2 in ( [7.16 ). As in [DJS], we in- 
troduce the term A' 2 = {T((p(ip — ip(xo))w), w). First we will estimate the 
difference \A 2 — A' 2 \, and later A 2 . 
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We write ipo = (ip — tp(xo)) w, and then we have 

A 2 -A' 2 = // (V>o(y) - ipo(x))k(x,y)<p(x)w(y)dfj,(x)dfi(y). 



Thus 

1 



\A 2 - A' 2 \ < C \\^o\\iipi J J i . w _ x \<p(%)\ w{y)dn(x)dn{y). 
Since J" 4 g. 2 \ x ~ v\ l ~ n dfi(x) < C £(Qj- 2 ) for any y G 4<5j_2, we obtain 
|A 2 -4| < (Qi- a ) / \<p(x)\dii(x) < C||V*||iipi^(Qi-a). 



For x,y € AQj- 2 C Q k (|7.18|) holds, and so 

||*0olhipi < IHU 11^ - V'(»o)l|iipi,4Qj_2 + IkllHpi 11*0 - VC^o) |]c 



c 



So we get 



,- 2 ) ^ ^ 2-"b--*l 



l ' j 12 21 ~ £(Q k )£(2 m R k ) n ~ £{2 m R k ) n ' 

Finally we have to deal with A' 2 . We write 

A' 2 = (<pi/j , T*(x2Q J ^ 2 )) + (<pifo, T*(w - X2Q J _ 2 ))- 

Since T* is bounded on L p (/i) over characteristic functions of cubes for 
p = 2, and for p = n/(n — 1) in the case n > 1, and it is also bounded 
from L p (/x | \ 2Qj^ 2 ) into L p ([i \ Qj- 2 ) (for any p G (l,oo)), we obtain 
\A' 2 \ < C \\(pipo\\LP(u) H-{^Qj-2) l l p ■ Now we can estimate the L p (/j,) norm of 
<p ipo using ( |7. 18|) : 



3-2 



\X - Xq\ 



{£(Q 3 ) + \x-x \) n £{Q k )£{2 m R k y 



[£(Q k )£(2r-R k )n]P yj Q , KQ^n-Dp 
(7-22) + f L^d^x 

If n > 1, we choose p = n/(n — 1), and we get 

C 



dn(x) 



y^o\\LP M < e{Qk)e{2mRk)n . 



Therefore, we have 



7.23 A' 2 \ < C K ,yVJ' r- = C — \ „ ' t < C- 



£(Q k )£(2 m R k ) n £{Q k )£{2™R k ) n ~ £{2 m R k ) n ' 
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If n < 1, we take p = 2, and from ( 7.22j ) we obtain 

I|¥>^o||l2( m ) < c 



£(Q i _ 2 ) 1_n/2 



h)l(2 m R k ) n 
Then we also have 

(7.24) |4| <C ■ , <C ^ 



£{Q k )£(2 m R k ) n ~ £(2 m R k ) n 
From ( [TI2D , ( gig ), ( |7l9| ), ( |7T20| ), ( ggg ), ( p3| ), and ( ggg ) we obtain 



Proof of (|7.8| ) in the case \j - k\ < 3, 2Q j _ 3 n 2i? fe _ 3 ^ 0. 

Observe that in this case, since \j — k\ < 3, then Qj-2 C i?fc-7 and 
i?fc_3 C Qj-7- Assume first that n 10i?fc = 0. We denote d = |xo — J/o| 
and A = Qj-j\B(yo, d/4). Notice that (f dist(Qj, We will show that 

(7-25) \(T<p,iP)\<^, 

which implies (|7.8|) , 

Let be a (^function such that < wa < 1, = 1 on A, wa = on 
R d \U d/20 (A) (where U £ (A) is the e-neighbourhood of A), with |io^| < C/d. 
We split (TV, ip) as follows: 

(7.26) (TV, V) = <2V, + {Tip, - wa)) = I + J. 

First we will estimate /. Observe that 

(7-27) IV^a|<^ 

(this inequality will be basic in our arguments). Let us consider the term 
I' = (T(tpi/)w A ), X$Qj- 7 )- We have 

\I-I'\ = | (TV, ipWAXdQj-r) ~ (T&iPwa), X9Qj- 7 ) 

- J J \ x -y\ n \^ X ) WA ^ X ) -^(y) w A{y)\X9Qj- 7 {y)d^{x)dix{y) 



+ = H 1 +H 2 . 

x Jy£9Qj~ 7 nQ Xtk+1 Jx Jy£9Qj- 7 \Q Xtk+1 
Let us consider the integral H\: 

H i < C [ \ip(x)\ \\4)WA\\ii Pl ,Q Xik+1 [ I -j^i ~ dfi{y) dfi(x) 

J JyeQ x , k+1 F V\ 

< C j \(p(x)\\\i)w A \\iip u Q xM+1 £(Qx,k+i)dn(x). 

By Lemma fT|[ we nave W^\\liPi,Q x ,k+\ - C/(£(Q x ,k) d n ), and so 

C C 

\\i>WA\\ti P1 ,Q x , k+1 < \\^\\lipi,Q x>k+1 + Halloa \\WA\llip! < ^Q xk)d n + ^+T- 
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Since £(Q x> k+i) < 10d (otherwise Q^fc+i D which is not possible), we 
obtain 

C f C 
Hi < —J \(p(x)\dii(x) < — . 

Let us turn our attention to H2. From ( |7.27| ) we get 

H 2 < £ [ \ v (x)\ [ -J—dvWMz) 
« J Jy&Qi-r\Qx,k+i \ x 2/1 

C f c 

- IF \^{x)\5(Q x ^ k+1 , ( dQ j - 7 )d^{x) < — . 

Now we will estimate I'. We consider the annuli = 3*C/j \ 3* _1 Qj 
(i > 1), Co = Qj, and some neighbourhoods of them Q = 3 l+1 Qj \ 3 l ~ 2 Qj 
(i>l),C = 3Qj. We write 

N 

N N 

i=0 i=0 
No No 

= E^+E^- 

j=0 1=0 

From the L 2 (fi) boundedness of T* over characteristic functions of cubes (as 
shown in Lemma |7.1|) we get 



Since WwCCiWifib) < Cfj 1 (C i ) 1/2 /3 i £(Q j ) n , we obtain 

i=0 i=0 y ^ 3 ' 

Let us consider the terms I' 2 j • For y Cj we have 

|r(^AXCi)(y)l < (ly-^i+^.^n I1^axc)Hlx W 

c 

- (\y-x Q \+l{Q j )Yd n "V Xc *" L1 M- 



Therefore 

d n J9 Qj . r (\y- x o\+KQj)) 
cWvxciWuQi) 



< 
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c 



and so \I 2 J < — . Thus we have shown that |J| < C/d n . 



i=0 



Now we have to consider the term J of ( 7.26| ). We take B = Rk-7 \ 



B(xo,d/4), and we let wb be a C 1 function such that < wb < 1, »b = 1 
on B,w B = on M d \ U d/20 (B), and < C/d. We write 

J = (T(<pw B ), $ (1 - wa)> + (T(y> (1 - ws)), V (1 - via)) = Ji + h- 

Now we have \<p w B \ < C/d n . So the estimates for the term J\ are analogous 
to the ones for the term / of (|7.26| ). We only have to interchange the roles 
of tpWA and (puis, T and T*, etc., and then we will get \J\\ < C/d n too. 
The details are left to the reader. 

Finally, we only have to deal with the term J 2 . The estimates for this 
case are straightforward. Since 

dist(supp('0(l — wa)), supp(( / 9(l — wb))) > C _1 d, 

for x £ supp(?^(l — wa)) we obtain 

\T(<p(l - w B ))(x)\ < £ Ml - wbM&m < 

Thus \J 2 \ < C7 11-0(1 - w A ))\\ L \^)/d n < C/d n . Therefore, ( gjg ) holds if 
WQj n 10R k = 0. 

The case lOQj n WRk 7^ is simpler. Assume for example £(Qj) < i(Rk)- 
Then it is enough to show that 

(7.28) | (IV , „)| < _|_ 

Notice that we have H^Hi/W^) < C/£(Rk) n . Then in this case it is not 
necessary to split (Tip, ip) into two terms / and J as in fl7jp . Estimates 



similar to the ones used for the term / will yield ( 7,28j ) . We omit the detailed 



arguments again. □ 

8. The paraproduct 

For technical reasons, we need to introduce a class of operators slightly 
larger than the class of CZO's that we have considered. 

Definition 8.1. We say that k(x,y) is a H6rmander-C alder on- Zygmund 
kernel if 

(1) |fc(£,y)|<— ^1-ifx^y, 
\x — y\ n 

(2') for any x,x' € supp(/i), 

(\k(x,y) - k(x',y)\ + \k(y,x) - k(y,x')\) dfi(y) < C' 2 . 

\y—x\>2\x—x'\ 

We say that T is a Hormander-Calderon-Zygmund operator (HCZO) if T is 



associated to the kernel k(x,y) as in (1.4) 
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Condition (2') in the definition above is called Hormander's condition. 

Recall that in Section || we have defined &n = Ylkez &f Dj and in 
Lemma |6.l| we have shown that <E>jv^/asiV^ooin the operator norm 
of L 2 (n), and so $at is invertible in L 2 (fi) for N big enough. We will show 
analogous results for &n on L p (/j,), 1 < p < oo, and BBMO{p). We need 
the following lemma. 

Lemma 8.2. If T is a HCZO bounded on L 2 (/j,) with T(l) = 0, then T can 
be extended boundedly from EBMO(fi) into EBMO(n). 



In JTo3| , Theorem 2.11] it is shown that if T is a CZO which is bounded 
on L 2 {[i), then it is also bounded from L°°(ji) into RBMO(fi). A small 
modification of these arguments yields the result stated in Lemma |8.2| , as in 
the usual doubling case (see [DJS, Lemma 2.7], for example). 



Definition 8.3. Let T be a HCZO bounded on L 2 (/i). We define the HCZO 
norm of T as ||T||#c.zo := 11^112,2 + C\ + C 2 , where C\ and C' 2 are the best 
constants that appear in the conditions (1) and (2') defining a HCZ kernel. 
Moreover, we say that a sequence of linear operators {T k } k converges to 
some linear operator T in HCZO norm if \\T — T^\\hczo ~~ * as k — > oo. 

Lemma 8.4. The operator $jy tends to I in HCZO norm as N — > oo. 
Moreover, $tv can be extended boundedly on L p (/x), 1 < p < oo, and from 
RBMO(p) into RBMO(p>). For N big enough it is invertible in L p {jj,) (with 
N depending on p) and in RBMO(p). 

Proof. Notice that we only have to show that I — <3?at is a HCZO such that 



1 1 — &n\\hczo —> as N — > oo, taking into account Lemma S.2 and the 



fact that HCZO's are bounded on L p (/i) (see |NTV2|, and also [ To4 | for a 
different proof). 

We have already seen in Lemma |6.l| that / as iV — > oo in the 

operator norm of L 2 (fi). Thus it only remains to see that I — &n is a HCZO 
and that the constants C\ and C 2 in Definition |8.1| tend to as N — > oo. 
Recall that I-$ N = Y,\k\>N E k, with E k = Ylj& D j+k Dj. 



First we deal with the inequality (1) in Definition 3.1. In (|6.1|) we have 



shown that if k > 2, then the kernel Kj+k j(x,y) of Dj+kDj satisfies 
(8.1) \K j+kd (x,y)\ < C2^ k 



{l(Qxj)+OQ V j) + \x-y\) n ' 

Moreover, just below (|6.1| ) we have seen that Kj +k j(x,y) = if y Q x ,j-3 
or x $ Qyj-3. For x,y € supp(/i), x / y, let jo be the largest integer such 
that y £ Qxjo- Since V £ Qx,j +h for h > 1, we get K j+kjj (x,y) = if 
j > jo + 4. Taking into account that for j < jo we have \x — y\ < £(Q x ,j ) < 
2-^-^1 e(Q xJ ), from Q it easily follows that 

^\K J+k ,(xM<C2~^^—. 



38 



XAVIER TOLSA 



An analogous estimate can be obtained for k < —2. Thus the kernel 
Kn(x,u) of I — $»jv satisfies 

(8.2) |^(x,y)|<C2^ ' 



x — y\ n 



Now we have to show that the constant C' 2 in Definition 8A corresponding 
to the kernel of I — n tends to as N —> oo. First we will deal with the 
term / := \Kj + kj(x, y) — Kj +k j(x' ,y)\, assuming k > N > 10. Let ho be 



the largest integer such that x' € Q x .h - Using (8.2) it is easy to check that 



EE/ idM<C2r*». 

k>N j£l J y£Q*,h -io\B(x,2\x-x'\) 

So we only have to estimate the integral j R d\Q } 10 Idfj,(y). Notice that 
suppK j+kjj (x, •) C Qxj-3 and supp K j+k j(x' , ■) C Q x > tj -z C Q X) j-4 U 
Qx,h -i0) and so supp(I) C Qxj-4 U Q^ho-io- Thus we may assume j - 4 < 



/io — 10. Let us consider the case j + k > ho, that is, x' $ Q x ,j+k- By (6.2) 
( |6.3| ) we obtain 



E E [ Id»(y)<Cj2 2 ~ vk ( U + k )< C2 ~ 

k>N j:j-4<ho-10 k>N 
j>h -k 



riN/2 



Assume now j + k < ho, that is x' € Q x .j+k (and k > N > 10 too). Observe 
that 

(8-3) 

K j+ k,j(x,y) - K j+kt j(x',y) = J (d j+k (x,z) - d j+k (x' ', z)) dj(z,y) dfi(z) 
(d j+k (x,z) - d j+k (x',z)) (dj(z,y) - dj(x,y)) dp,(z). 

It is easily checked that the integrand above is null unless z £ Q x ,j+k-3- 
Since x' € Q x ,j+k> we have 



\d j+k (x,z) -d j+k {x',z)\ < C 



1 



i(Q x ,j+k) (£{Q x j+k) + \x - z\) T 
Also, for z G Q Xjj+k -3 C Q x j, 

(8.4) \d 3 (z,y)-d 3 (x,y)\<C W ~ ll ' 



i(Qx,j) WQx,j) + \x-y\) n 
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Therefore, 



j < Q \x X | t ! ( J j 



< C 



) (i{Q x ,j) + \x- y\) n 
1 

.3 (KQx,j+k) + \x- 
x - x'\t(Q x j +k - 3 ) 



t{Q*j) KQxj+k) WQxj) + \x- y\) n ' 
Using t(Q x ,j +k - Z )ll{Q x ,j) < C2-"*, we obtain 

1 

y+AV JLj x j-4 \£\Qx,j) + \x — y\) 7 



I ?(Qx,j+k) So 



dfi(y) 



< C2^ fc -' 3 ' ''''' 



Thus we get 



E E j ' \ K i+k,j{x,y) - K j+kJ (x',y)\dfi(y) 



k>N j:j+k<h 

<cj2 2 ^ nk E f Qx,ho \ < ^ e 2 ~ nk < c 2 ~ vN - 

k>N j-j+k<h \" x <3+k) k > N 

Let us consider the term J := \Kj + kj(y,x) — Kj +k j(y, x')\ now. As in 
the case of the term /, we have 

EE/ Jd t i(y)<C2^ N , 
k>N jez J y£Qx,h -ia\B{x,2\ x -x'\) 

and we only have to consider the integral J^d\q h w Jdfj,(y). Moreover, it 

is easily seen that we also have supp( J) C Q x ,j-4 U Q x ,h -io i n this case. 
Thus we may assume j — 4 < ho again. Operating as above, by fl6.2|), ( |6.3| ) 
we obtain 



E E Jjdn(y)<CT 



■r)N/2 



k>N j:j-i<h -W 
j>ha—k 



Suppose now that j + k < ho, that is, x' G Q x ,j+k- We have 
J < J \d j+ k(y,z) (dj(z,x) - dj(z,x'))\dfi(z). 
Since x' G Q^ho C Qzj, we have 
\dj(z, x) — dj(z, x')\ < C 



\x — x'\ 



(KQxj) + \X~ Z\) n 
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Thus 



\x — x n 



3 - ° TOM L a „„ lii+i(y ' z)l + 1. - AY Mz) 



\x — x n 



' C i(Q x ,) ./ o., i ' ./ '•>., ; 1 '' 

V ,V V \v-z\<\x-y\/2 J \y-z\>\x-y\/2j 

Let us estimate J\. 

< c lx - x ' 1 1 



hj) (t(Qxj) + \x-y\) nm 
We consider J2 now. On the one hand we have 

I x — x' J f 1 1 

,h - c m^) J z£QxJ _, w^w ' ImJ) + \x- z\) n Mz) 
< c lx ~ x ' 1 



i(Q x ,j)\x-y\ n ' 
On the other hand, 

Thus we have 

j < c \x~x'\ 1 

2 - t(Qx,j) (e(Q x ,j) + \x- y \r 

in any case. Therefore, 

J(Qx,h ) 



/I X — x' J f 1 
3 MV) ~ ° WxJ) JyeQ^ MQ*j) + \*-v\) n ~ ° 'm^T 

Y J \ K j+k,j(y,x) - K j+kd (y,x')\dfi(y) 



and so 

k>N j:j+k<ho 



k>N j:j+k<ho 



~ n \ -> \ "" > l-Wx,j+k 

- 4, ,4.0 ^-) 1/2 ^-) 1/2 

< C 2 " qk/2 ^ C 2- r > N l 2 . 
k>N 

When k is negative [k < —N), we have analogous estimates. As a conse- 
quence, the kernel of / — &n satisfies Hormander's condition with constant 
C' 2 < C2-^ N / 2 , and we are done. □ 
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In order to prove the T(l) theorem in the general case, we will introduce 
a paraproduct. Given a fixed function b G RBMO(fi), we denote by Pj? b the 
operator of pointwise multiplication by $^(6). Then, for each positive 
integer m, we set 

m 
k=—m 

We will show that the operators U m ^ are uniformly bounded on L 2 (fi). A 
weak limit Ub of the sequence {U m> b}m will be our required paraproduct, 
which will satisfy U b (l) = and J7 & *(1) = 0. 

Before dealing with the L 2 {fj) boundedness of the operators U mj b, we need 
a suitable discrete version of Carleson's imbedding theorem. Given E C M. d , 
we denote 

E = {(x,k) eExZ: (Q Xtk )° C E}. 
Our discrete version of Carleson's result is the following: 

Lemma 8.5. For each k G Z Ze£ afc(-) 6e some non negative function and let 
v k be the measure given by dvk = a k d\x. We denote v = Ylkez^k, where Vk 
stands for the measure v k 'transported' to R. d x {k} (that is, for A C W 1 x Z ; 
u k (A) = u k {x: (x,k) G A}). If 

CO 

(8.5) MQ)<CvKQ) 

j=k-2 

for any doubling cube Q of the kth generation, then we have 

(a) IfEcR d is open, then v{E) < C C 9 fx(E). 

(b) For all f G L 2 (n), 

T,\\ s kf\\l^ k )< cc ^\\f\\Wy 

fcez 

Proof. Let us see that (a) holds. We may assume that E is bounded. For 
each x G E we choose the biggest cube Q^fc C -E 1 (i.e. with k minimal). By 
Besicovitch's covering theorem, there exists a family cubes Q Xi ,ki with finite 
overlap such that E = \J i Q Xi ,k t - Therefore we have 

(8.6) E = (J(Q Xi , ki x Z) n E. 

i 

Observe also that if (x, k) G Q Xi ,k x H E, then k > h L — 3. Otherwise 
(QxA-3)° C £, and since x G Q Xi>fc . C Q Xl ,k,-u then 

Qx i: ki-i c Q x ,ki-2 c (Qa^i-s) c £7, 
which contradicts the maximality of Q Xt ,ki- Therefore we get 

"{{QxiM xZ)n£) = v{{Q Xi ,ki x [fci - 2, +oo)) n i?) 

+oo 

< ^ Vj(Q Xi ,ki) ^ C 9V(Q Xi ,ki)- 
j=ki-2 
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By ( |8.6[ ) and the finite overlap of the cubes n{Q Xi ,ki)i ( a ) follows. 
Let us prove (b) now. We have 

j \S k f(x)\ 2 dv k {x) = j \S k f{x)\ 2 du{x,k) 

k 

/•OO 

= 2 / Xu{{x,k) : \S k f{x)\ > A} dX. 
We consider the maximal operator 



M s f(x) = sup \S k f{z) 

z,k:xe(Q z , k )° 



This operator is bounded on L 2 (n) (see Remark ^6] below). We set E\ 
{x e R d : M s f{x) > A}. Then we have 

{(x,k): \S k f(x)\ > \}CE X , 

By (a) we obtain 

oo 

\)d\ 



//■oo 
\S k f{x)\ 2 du k {x) < C / \u{E. 

POO 

< CC 9 Xn{E x )d\ 
Jo 



< CC 9 J M s f{xYdn{x) < CCgWfW^, 
and we are done. □ 

Remark 8.6. Consider the following non centered maximal operator 

M < 2 » /W % S L P «Mk/ Q l/WI<i " (1 ^ 

This operator is bounded on L p (/i), 1 < p < oo, and of weak type (1, 1) (see 
P^, Section 6]). 

It is not difficult to check that Msf(x) < C M( 2 )f( x ) f° r all x € supp(/i). 
Indeed, assume x G Q Zjk for some z G supp(^), k £ Z, and let N be the 



smallest integer such that will be more involved than in [DJS], basically due 
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to the fact t Q z ,k-i C 2 N °Q z ,k- We have 

N 



\S k f(z)\ < If +J2 I )sk(z,y)\f(y)\dn(y) 



< 



< C(l + <5(Q z , fc , 2^' +1 Q Zifc ))M (2) /(x) < CM (2) /(x). 



Lemma 8.7. If g G RBMO(fi) and f G i/ten 

^ 11(^5) •^/||| 2W <C|| 5 i||/||2 2M . 

fcez 



Proof. By Corollary |6.4| and the subsequent remark in ( |6.8[) , since g G 
EBMO(fi), we have 

E PfsllWiQ^llsllMQ), 

for any doubling cube Q of the kth. generation. Therefore, the lemma follows 
from (b) in the preceding lemma taking ap. := (D^ g) 2 . □ 

As a direct consequence of the previous results we get: 

Lemma 8.8. Given b G RBMO(fi), the operators U m b are bounded on 
L 2 ([i) uniformly on m. 

Proof. By Lemmas |S.7| and IO, for /, g G L 2 (fi) we have 



1/2 f v 1/2 



\(U m ,bf,9)\ < 52\{P&S k f, D k g)\ 



< C ||/|| L 2 (At) || $^ 6||» ||fif|| L 2 (M) < C ||/|| L 2 (At) H&ll* ||s|| L 2 (/t) . 

□ 



In order to prove Theorem L2, we want to apply the version of the T(l) 
theorem in Lemma [7^ to the operator T — Ub 1 — U^, with bi := T(l) and 
62 := T*(l). Given 6 G EBMO(fi), we will not be able to show that is a 
CZO. Instead we will show that Ub satisfies some weaker assumptions, which 
will be enough for our purposes. 
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Lemma 8.9. Given b G RBMO{fj), there are constants Cio, C\\ such that, 
for each m, the kernel u m (x,y) of U m ^ satisfies the following properties: 

(1) | u "( x , y )|<_^0 if X + y. 

\ x y\ 

(2) Let x,x' G supp(//) with x' G Q x ,h- Let y G supp(//) be such that 
U £ Qx,j \ Qx,j+l for some j < h — 10. Then, 

\u m (x,y) - u m (x',y)\ + \u m {x, y) - u m (x>, y)\ < C n pfn ^ ~ f -• 

t\Hx,j+'i) \ x ~ y\ 

Let us notice that the constants Cio, Cn above are independent of m. 

Remark 8.10. It is clear that any CZO satisfies the properties stated in 
the lemma above. On the other hand, it can be seen that any operator 
fulfilling these properties is a HCZO. Indeed, given x,x' G suppQu) such 
that x' G Q x>h \ Q x ,h+l, w e have 

u m (x,y)-u m (x',y)\d^y) 

\x-y\>2\x-x'\ 

< I | °_ r n My) 

00 r I /I 

5JVm\«.,w e(Qx,h-i+4) \x - y\ n 

< C + C y J*~ Xl r < C. 



1=10 

V 



Proof of Lemma 8.d . Let y) be the kernel of Dfc P^ 6 Observe that 
u k (x,y)= / d k ( x ,z)a k {z)sk(z,y)dfi(z), 



where a fc = D% ^(b). Since $^(6) G RBMO(fi), it follows that a fc G 
L°°(fj,), with ||ajfe||ioo(u> < C ||6||# (the details are left to the reader). 

Let us see that u m (x,y) satisfies condition (1). Take x,y G supp( / u) and 
let j G Z be such that y G Q^j \ We have 



|u fc (x,y)| < C y |eZ fc (:c,z)sfc(,z,y)|eZ/i(z) 

r / r / 



7 +c 7 

J|x-z|<|x-t/|/2 7 la 



|x-z|<|a;-v|/2 J \x-z\>\x-y\/2 (^(Qx,k) + |^ — y\) n 

Let us remark that the constant C above equals C It is not difficult 

to check that suppufc(x, •) C Q x ,k-3- Thus we have 



, j+3 + |ac - y|)» " |x-y|™ 
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Now we will show that condition (2) of the lemma is also satisfied. First 
we will deal with the term \u m (x,y) — u m (x',y)\. We have 

I := \u k (x,y) -u k (x',y)\ <C j \(d k (x, z) - d k (x' , z)) s k (z,y)\ dfi(z). 

We only have to estimate / for k — 4 < j, because otherwise 

supp(u fc (x, •) - u k (x', •)) C Q x , k -3 n Q x ', k -. 3 C Qx,j+1- 
Since x' € Q x ,h and h > j + 10 > k (we are assuming k — 4 < j), we have 

\d k (x, z) — d k (x', z)\ < C -L r • t—> ; ; r^— • 

1 kK ' 1 1 ' n ~ i{Q x ,k) WQ x , k ) + \x-z\)K 

Therefore, 

\x — x \ f I 
/ < C— — - / — — — — f-\s k (z,y)\dn(z) 

\x — x n 



C £(Q X fc ) I Jz£Qx,k-3 + JzcQx 



k-3 



< c 



x—z\<\x—y\/2 \x—z\>\x—y\/2j 

X — x'\ 1 



Z(Qx,k) (t(Qx,k) + \x-y\) n ' 
We derive 



\x — x'\ 



\u m (x,y)-u m (x',y)\ < C ^ — — - 



< c 



\x — x'\ 



£(Qx,j+4) \x - y\ n ' 

The estimates for the term \u m (y,x) — u m (y,x')\ are similar. □ 

Remark 8.11. The proof of Lemma [7^, corresponding to the T(l) theorem 
in the case T(l) = T*(l) = 0, given in the preceding section can also 
be extended to operators satisfying the assumptions of Lemma |8.9| (still 
assuming that the kernel of the operator is bounded on L°°, for technical 
reasons). This is an exercise which, again, is left to the reader. 

Let us also notice that (as far as we know) the arguments of Section ^ 
cannot be extended to HCZO's. Recall that even in the doubling situation 
it is not known if the T(l) theorem holds for HCZO's. 

Now we can finish the proof of the T(l) theorem in the general case. 

Proof of Theorem We only have to prove that the operators T £ are 
bounded uniformly on e > 0. For a fixed e > 0, we denote b\ := T £ (l) 
and 62 := T*(l). Since 61,62 £ BMO p (n) and T £ is weakly bounded, from 
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Lemma |T. 1| it follows 61,62 £ RBMO(fx). It is straightforward to check that 
[/£(!) = f/* 2 (1) = 0. We also have U b .{l) = b h i = 1,2. Indeed, 



U, 



E 



D k P» bi S k (l)= ^ D k D 



(pi 



Because of Lemma tkl, the operator YUk=-m^kD^ converges strongly to 



<3?at m L (/j.) as m — > +00. With estimates analogous to the ones in Lemma 
1| it can be seen that Y^k=-m ^k^k 1S a HCZO, and taking into account 



that J2T=-m DkDj: (1) = 0, it follows that this operator is bounded on 
RBMO(fi) uniformly on m. Arguing as in [DJS, Lemma 2.9], it can be 
shown that for any function g bounded with compact support and any / £ 
BBMO(n), 

m 

lim ( £ D k Dg(f),g) = (* N (f),g). 

fc=— m 

As in [ DJS I, this implies £7^(1) = h. 

Now it only remains to apply the version of the T(l) theorem stated in 
Lemma 1J1 to the operator T e — — U£ 2 . Recall that that lemma applies to 
CZO's with bounded kernel. However, as explained in the remark above, it 



is enough that the operator fulfil condition (2) of Lemma 8J; , instead of the 
usual gradient condition demanded from the kernels of CZO's. Moreover, 
the additional hypothesis in Lemma 7.2 about the L°°-boundedness of the 
kernel was useful in the preceding section to deal with the convergence of 
some integrals and also for the proof Lemma 7.6. Although the kernels of 



Ub 1 and U^ 2 are not -L°°-bounded, we already know that these operators are 
bounded on L 2 (/i) and that they are weak limits of operators Umfa, U m ^ 2 , 
with 'nice' kernels. This allows the extension of the arguments for proving 
Lemma W71 to the present situation. We omit the detailed arguments. □ 
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